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Abstract

Nuclear structure plays a pivotal role in dark matter direct detection experiments, as understanding
nuclear interactions can enhance the sensitivity and accuracy of these quantum technology-based
studies. The nuclear structure of the target material critically influences the scattering cross-
sections and the energy transfer during interactions, thereby providing a fundamental framework
for researchers to characterize and differentiate potential dark matter interaction mechanisms accu-
rately. This project aims to enhance the application of the Variational Quantum Eigensolver (VQE)
algorithm on Noisy Intermediate-Scale Quantum (NISQ) devices by investigating the ground-state
properties of the Nuclear Shell Pairing Model. A primary focus of this research is to investigate and
mitigate errors that affect the accuracy of estimated energy differences; a comprehensive bench-
marking framework was established to validate the effectiveness of our error mitigation strategies
on noisy quantum devices. By thoroughly investigating the impacts of quantum errors and model
configurations, our mitigation strategies reduced energy differences by up to 99.56%, indicating a
promising pathway toward error-resilient quantum computations to solve the problem for complex
nuclear systems.
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When theory and experiment
agree, that is the time to be es-
pecially suspicious.

Niels Bohr

Dark Matter Interaction & Detection

Dark matter (DM) is a mysterious and invisible substance that makes up about 26% of the universe.
Unlike ordinary matter, it does not emit, absorb, or reflect light, making it detectable only through
its gravitational effects on visible matter, radiation, and the large-scale structure of the universe.
Scientists infer its existence by observing phenomena such as the rotation curves of galaxies and
gravitational lensing. To better understand the cosmic composition, Fig.1.1 illustrates the distri-
bution of dark matter alongside dark energy and ordinary matter, highlighting the significant role
dark matter plays in the universe’s overall mass-energy content.

Dark Energy
69%

Dark Matter
26%

Figure 1.1: The universe’s composition: 69% Dark Energy, 26% Dark Matter, and 5% Ordinary
Matter. Dark Energy is the dominant component driving the accelerated expansion of the universe,
while Dark Matter contributes to the gravitational structure. Ordinary Matter makes up the visible
universe, including stars and planets. Source: Chandra X-ray Observatory.

Several astronomical measurements support the existence of Dark Matter like in Ref.[1, 2], one of


https://chandra.harvard.edu/darkuniverse/

2 Dark Matter Interaction & Detection

the most prominent being the Weakly Interacting Massive Particle (WIMP) model [3, 4]. WIMPs
are theoretical candidates for DM, characterized by their non-relativistic mass and interactions
primarily through nuclear force and gravity. This model has been posited to explain the so-called
missing mass in the universe’s mass-energy density [2]. However, a major question remains: How
can we detect DM or measure its corresponding signatures?

Unlike normal matter, DM including WIMPs are invisible because they do not interact with
electromagnetic force if the hypothesis is true [4]. The only way we can see them is by some
other force in the Standard Model Framework; like some of them, they are heavy, and they can
interact with the strong force within the nuclei; the theory can be found in the Appendix.A.1.1.
The cross-section of the Nucleon will not depend on the wavefunction according to the Eq.A.21
under low energy case, so the symmetry restriction and non-elasticity elastic behaviour will be more
important than the shape of potential.

To address this, we consider an elastic scattering process between a nucleon and a DM particle
X, assuming a low-energy regime where relativistic effects can be ignored [5]. In this scenario, the
interaction can be described by a set of four-fermion operators, denoted by O in Eq.A.46 in the
Appendix. These operators can be reduced or simplified up to second-order terms and are primarily
dependent on key variables such as the momentum transfer p(q), relative velocity v, and the spins
of the nucleon and DM particle, denoted by Sy . The set can be found in Tab.A.1, and for more
details about the EFT operators and symmetries, they can be found in the Appendix.A.1.2.

To detect dark matter interactions, researchers have developed a variety of experimental tech-
niques focused on measuring nuclear recoil events caused by DM particles colliding with nuclei
[6, 7]. These direct detection experiments typically involve highly sensitive detectors placed deep
underground to minimize interference from cosmic rays and other background noise. Technolo-
gies such as cryogenic detectors, liquid noble gas detectors (like those using Xenon or Argon),
and scintillating crystals are employed to capture and measure the faint signals produced by these
interactions. Advanced statistical methods are applied to distinguish genuine DM signals from
background events, and ongoing efforts aim to improve detector sensitivity and expand the search
range to explore different mass and cross-section parameter spaces. Experimental details are in the
Appendix A.2.

The energy transfer (100keV) is small in these low-energy cases, far below the nuclear ground
state energy and its spectrum (100GeV). As a result, the potential interactions between DM and
nucleons do not excite the atomic structure, meaning all nucleons remain in the same eigenstate
post-interaction. Due to the total calculation is very complicate, we have demonstrated a easier case
with scalar interaction operators only in the Appendix.A.1.3 for a Deutrium-like atom (The target
nucleus will be significantly larger than the Deutrium, so the many-body calculations will include
many terms). Within this framework, the calculations are directly based on the target nuclear
response function A.52 that corresponds to the nuclear recoil and recoil energy; the measurement
of nuclear recoil becomes the key signature of a DM interaction. Different operators govern the
response of the nucleus to this interaction, and experiments that aim to detect this response are
referred to as direct detection experiments.

Since quantum simulation could be used with qubits and their entanglement properties to
simulate other many-body systems’ behaviour [8]. In our project, the basic idea is to use quantum
technologies to help us understand the internal structure of the target nucleus for direct detection,
but nowadays, quantum computers with imperfect gate fidelity cannot give us a reliable result, so
there is a need for us to investigate how to reduce the errors on the quantum computer and also
how well the factors influence on the noisy result.

In summary, accurate calculations of the nuclear structure of target materials are essential for
elucidating the properties of dark matter, as they directly impact the theoretical predictions of dark
matter-nucleus interaction cross-sections [9, 10]. Quantum computing presents a promising avenue



for achieving more precise nuclear structure calculations due to its potential to handle complex
quantum many-body problems more efficiently than classical methods [11, 12]. However, current
quantum computers are constrained by limitations in qubit coherence, gate fidelity, and overall
computational capacity, which hinder their ability to perform high-precision calculations required
for detailed nuclear modelling [13]. To overcome these challenges, we optimise the computational
strategies using Variational Quantum Eigensolvers, a hybrid quantum-classical algorithm. Addi-
tionally, we employ simplified models of nuclear systems to systematically quantify and correct for
errors, thus paving the way for more reliable nuclear structure calculations on near-term quantum
devices.



Dark Matter Interaction & Detection




Quantum Information & Quantum Simulation

Quantum computers in the most common case are designed to use the qubit as the minimal opera-
tion unit and the register. Unlike classical bits, which represent either a 0 or 1, qubits can exist in
superpositions of states, enabling the simultaneous processing of vast amounts of data. The way we
convert the problems into the quantum observables and operating qubits array are called quantum
computation.

In 2019 researchers from Google demonstrated the practical potential of quantum computers
to solve complex problems [11], and predict the potent benefit of other problems such as factoring
large numbers or simulating quantum systems, that are intractable for classical computers, even
though there are still some arguments about the quantum supremacy [14]. In this section, we will
review quantum technologies and clarify how we will use it in our project.

2.1 Quantum Computation

2.1.1 Basics of Quantum Register

Usually, a well-defined two-level fermionic quantum system is a proper carrier for locating a quan-
tum register corresponding to two different eigenstates, which we call a quantum bit or Qubit [15,
16]. Mathematically, these eigenstates must be orthonormal states that simultaneously obey the
properties of normalization and orthogonalized, so the inner product of these eigenstates will be
(Ya|thp) = 0 and (il1h;) = 1,7 € a,b. However, it is possible to use other anharmonic quantum
systems with more than two distinguishable eigenstates, and it could be used to define Qutrit
(N = 3) and Qudit (N = 4), etc [17]. Notice that if the energy difference is the same, controlling
the system to enter a certain excitation state is nearly impossible, but when it is mapped to the
Higher dimensional Hilbert space, the eigenstates should also be orthogonal to each other.

Typically, the effective wavefunction for a Qubit can be written down with two complex coeffi-
cients o and 3 with the relationship |a|? + |3|? = 1 similar to a spin 3 system:

) = al0) + 8[1) (2.1)

The natural manifold for geometrical representation of the pure state space with a spin % system
is the Bloch Sphere. The coefficients can be expressed as:
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a = e cos —

2 ; (2.2)
B = 0+ gip ~
2

It’s not hard to get the eigenstates defined along the z-axis that |0) = { (1) } and |1) = [ (1) ]

The definition of combinations of eigenstates on the z-axis can express the eigenstates in other axes.

Z||0)
10)-11)
vz

o [w
0) —i|1) _y . Y |0)+i|1)
\,E N -‘-.:.’.."-._ : ﬁ
10y + 1)
VZ
-Z ||1)

Figure 2.1: The surface of the Bloch sphere represents the pure quantum state, but it should be
noted that the sphere is not orthogonal in itself [18]. The x,y, and z axes correspond to the axes in
Euclid space, and the coefficient ¢ is cancelled because it represents a global phase.

The density matrix [¢) (1| is very useful to describe a quantum system. For a Qubit, we use
the Pauli Vector P with identity matrix to define the density matrix:

1 -
p = 5(]er) (2.3)
where the Pauli vector is defined by:
P = Z oir;,7; € coordinates of real space (2.4)

1ET,Y,2

Different from Qubit, the Qutrit has three independent eigenstates [19]. It is usually located by
a spinl Bosonic system with a different commutation and representation algebra. All of the states
could be represented in the Poincaré sphere with the normalized polarization vector:

So
1 Sy
_ 1 2.
S 5o | S (2.5)
S3

In this literature review, Qubit’s representation will be deployed to all of the models and all
the quantum operations.
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So=1=E*+ Ef
S51=Q=E—E
5: = U =2E,E, cosé
S3=V =2EE,sind

YA

» X

radius = 17 > Q% + U? + V?

Figure 2.2: The Poincaré sphere is a geometrical representation of the state of the Bosonic system
on a unit sphere, where each point corresponds to a unique polarization state. [20]

2.1.2 Universal Set of Quantum Gates

A universal gate set is a collection of quantum gates consisting of one and two Qubits that can
approximate any quantum gate to a specified level of precision [21]. For any unitary operation
U, we can find a sequence for a combination of gates in universal gate set U,pprox that satisfies
|U — Uspprox || < €, where € > 0.

According to the Solovay-Kitaev Theorem, the running time of an algorithm using one gate set
is equivalent to that using another gate set, differing only by logarithmic factors [22]. This implies
that quantum speedups of polynomial magnitude are consistent across different gate sets, and the
universal gate set is not unique. Consequently, to harness the complete capabilities of quantum
computing, it is only necessary to implement a finite set of gates [23].

Basically, a universal quantum gate set will include some single qubit gates that can rotate
the Pauli vector point to every point at the surface of the Bloch sphere. Each single-qubit gate
corresponds to a 2x2 unitary matrix with the relation UTU = UUT = I and UT = U~!, and these
matrices can generate any element of SU(2) representation since they form a dense subset. All of
the single qubit gates could be decomposed into the rotations around x,y,z axes with corresponding
phases.

Ubuler = €"“ R (8) Ry (7) R=(5) (2.6)

However, this is not enough to become a many-body interacting system, so we need to make
the qubits into an entanglement state to get the higher dimension of Hilbert space, so we will need
to define a multi-qubit gate with the square matrix of dimension 2% instead. The most often used
multi-qubit gate is the CNOT or Controlled-NOT gate with two qubits:

1 0 0 0
01 0 0

Uonor= |4 o o 1 (2.7)
0O 010

Some new generation devices will use a more efficient gate instead of a CNOT gate called ECR.
Actually, ECR operation is the entangling part of the CNOT operation, which is given out by:

0 1 0
1
2l o

—1

- L ux—xv) (2.8)

—1

ECR =

O = O
O = O =
I~
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The flourishing quantum computing community, especially IBM Quantum Hardware, has cre-
ated a native basic gate set for the dominant superconducting Qubit nowadays. It has the following
gates Uonor, X, ID, R, V' X. Where the R, is the rotation gate along the z-axis, and X gate is
the Pauli X operation, v X can be equivalently defined as R.( 5) gate with a —7 global phase:

Ra(r/2) = — { g _i]zeilx/f (2.9)

ﬁ -1 1
0 1
X = [ 1 0 } (2.10)
A e~ 0
R.(\) =exp |—i=Z| = 2 (2.11)
2 0 etz

2.1.3 Quantum Dynamics

In real-world experiments, observables correspond to physical properties that can be measured. For
quantum hardware with N Qubits, the observables O can be expressed by the sum of the Pauli

matrix product [24]:
K

O=> P, P e{l,X,V,Z}*N, a,eR (2.12)
k=1
But sometimes, the system is not static, like the time-dependent wavefunction with a known
initial state corresponding to an example time-dependent quantum system below under the Heisen-
berg picture.
(1)) = e~ [(0)) (2.13)
According to the Trotterized Real-Time Evolution [25], it can approximate the time evolution

of a system for a time slice with time step % by re-writing the Hamiltonian into time-independent
H=> ja;Hj. The wavefunction for a certain time can then be approximated as:

n

@)~ | [ | o) (2.14)

The Suzuki-Trotter formula can have some improvements that could reduce the error for it [26],
like for second-order decomposition on two operators A and B:

M8 s B/2eAeB/2 (2.15)

Under the second-order approximation (Higher-order approximation will have less error, but it
will increase the competitivity), the time-evolution operator can be expressed as the product form

below:
U = e #(H+AH) _ =i AH —itH ,—i5AH | o) (t3) (2.16)

So, whether the described system is time-dependent or time-independent, we can always find a
mapping from the system’s unique Hamiltonian to the sum of the tensor product of Pauli opera-
tors. However, not all mappings are generally effective especially the direct mapping as we shown
in Fig.2.3. We must create an adaptive mapping using the system’s properties and mathematical
structure to lower the usage of quantum resources and evaluation time. Different encoding pro-
cesses, from origin representation to qubit spin representation, will be used to describe different
systems effectively [27, 28]. The quantum sampler could give the outcome, which takes thousands
of measurements each time to get the final probability of each state after the quantum circuit
operation [12].
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2.1.4 Operator Transformation

To achieve higher encoding efficiency, we will first identify the quantum system by the commuta-
tion algebra to the quasi-fermion and quasi-boson systems. For Fermionic system encoding, the
occupation number for those type systems can only be 0 or 1 under the second quantization. So
there is a demand for a transformation to map spin operators to fermionic creation and annihilation
operators.

The Jordan-Wigner transformation is the most common way to encode a fermionic system,
which is topologically chained in a combination of non-closed loop forms [29, 30].

h; = Z ci,pq,,,ma;)a;...aras (2.17)
pq...rs

Where the creation and destruction operator within the new form can be expressed as:

Jj—1 T _ Y
¥ — 107
C}L' - (H —02) . 2 .

k=1

j—1 T - Y
oy + 10
G = <H_"i> N

k=1

(2.18)

For Bosonic Fock state encoding, in quantum mechanics the bosonic system follows the com-
mutation relation for:

{a, aq =aad' —dla=1 (2.19)

So for an N quanta bosonic system, for direct mapping we need n qubits with the relation
n = [logy(N +1)] [31]. The creation operator, when acting on a Fock state it will increase the
number of particles [32]:

alln) = vVn+ 1n +1) — a'|[n)qubits = V1 + 1|1+ 1) qubits (2.20)
Also for the annihilation operator, which will reduce the number of particles:
aln) = v/nln — 1) — [n)qubits — V1n — 1) qubits (2.21)

Generally, all of the states will be represented by the qubit spin representation, and it will be
more effective if we use binary to encode the occupation number.

spin bosons

o

C_j _k!l_ _kgz_ :;:0

Figure 2.3: In the Scheme for Bosonic direct mapping, the spin representation can be converted
to the occupation representation, so for k& bosonic particles with nj possible occupation number for
each will need N =n - (k + 1) qubits in total [33].
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2.1.5 Variational Quantum Eigensolver

The Variational Quantum Eigensolver (VQE) algorithm is a hybrid quantum-classical algorithm
designed to find a quantum system’s ground state energy in the NISQ era [8, 34, 35].

Qubit Hamiltonian H
Choice of ansatz

Initial parameters 90 New set of @ values
¢ ‘ Classical Optimizer

I Repeat until

Energy Evaluation

= N -2
0 R -1
0 N--1-2
State Expectation
preparation estimation

E@©) = <yylH|yy >

Figure 2.4: VQE is a quantum-classical hybrid algorithm, the system Hamiltonian and the param-
eterized wavefunction |¥) will be encoded to quantum circuits; the expectation value will estimated
by the measurement outcome and sent to the classical optimizer to update the parameter 6 set.
[36].

As the Fig.2.4 shown above, the basic workflow of the VQE algorithm involves the following
steps:

1. Parameterization of the Trial Wave Function: The quantum state () is parameterized

by a set of parameters § = (01,602, ...,0,). This trial wave function is typically prepared using
a quantum circuit with gates that depend on these parameters.

. Measurement of the Hamiltonian: The Hamiltonian H of the system is expressed as a

sum of Pauli operators H= > «;P;. The expectation value of the Hamiltonian is measured
by preparing the quantum state 1(#) and measuring it in various bases corresponding to the
Pauli operators P;.

. Classical Optimization: The measured expectation value (¢(0)|H|y(0)) is fed into a

classical optimization algorithm, which updates the parameters 6 to minimize this expec-
tation value. Common optimization algorithms include gradient descent, Nelder-Mead, and
COBYLA.

. Iteration: Steps 1 through 3 are repeated iteratively until the expectation value converges

to a minimum, approximating the system’s ground state energy.

The goal of the VQE algorithm is to find the set of parameters 8 that minimizes the expectation

value of the Hamiltonian:

E(9) = (v(6)|H|4(6)) (2.22)

This expectation value can be expressed as a weighted sum of the expectation values of the

Pauli operators:

E(0) = Z i ($(9)| Pil(6)) (2.23)



2.2 Noisy Quantum Computing 11

The optimization problem is then to find:

Ooptimized = arg min F(6) (2.24)

where Ogptimized Tepresents the optimal set of parameters that minimize the expectation value
of the Hamiltonian, thus approximating the ground state energy as a result shown in Fig.2.5.

Energy convergence for various optimizers

102,
Customized Effective Ansatz
COBYLA
10% L BFGS_B
—— SLSQP
g 107 — CG
C
g
£ 1074
£
>
S 107 \
(0]
c
Ll
1078
10—10,
0 250 500 750 1000 1250 1500 1750 2000

Eval count

Figure 2.5: This Figure shows the case for a normal iteration process; the energy difference
(Eref — Eest) between the reference level and the estimation value will gradually reduce with evals.
However, various optimizers could have different convergence speeds, which is more dependent on
the features of our system. So it is also important to create the effective ansatz and use the proper
optimizer [32].

Noticed that the VQE will be based on the quantum estimator primitives, a computational tool
or algorithm used to infer the parameters or properties of a quantum system from measurement
data, optimizing accuracy and minimizing uncertainty within the constraints of quantum mechanics
[12], in our project the quantum estimator will be the core resource for us to analysis.

2.2 Noisy Quantum Computing

Nowadays, quantum devices still face some technological problems. Some researchers think NISQ
devices are dead (They cannot perform and solve any real-world application) [37]; the limitations
include gate error, measurement error, qubit connectivity, and gate fidelity.

Later in this section, we will introduce the quantum operation’s qubit noise with quantum error
in 2.2.1 and review the quantum error mitigation strategies in 2.2.3. These strategies could help
us enhance the performance of our code and the noise model’s establishing accuracy.

2.2.1 Characterization of Quantum Errors

Characterizing quantum errors is crucial for understanding and mitigating the impact of noise on
quantum computations [38, 39]. Quantum errors can be broadly categorized into coherent and
incoherent errors. The coherent errors are systematic and arise from deterministic imperfections in
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the control of quantum gates, such as over-rotation or under-rotation. These errors can often be
corrected through precise calibration and control techniques.

Mathematically, if we consider a single-qubit rotation gate R(f) intended to rotate a qubit by
an angle 6, a coherent error might result in an actual rotation by 6 + €, where € is a small systematic
error. The incorrect rotation can be expressed as:

O+e s i ((0t€
P —isin (%5°)
) ) (229)

R(0+¢€) = < cos (
—isin (
This deviation from the ideal rotation gate can accumulate over many operations. Incoherent
errors, on the other hand are random and typically result from interactions with the surrounding
environment, leading to decoherence. Decoherence causes qubits to lose their quantum properties,
such as superposition and entanglement, thereby degrading the overall performance of the quantum
system [40].
A common model for decoherent errors is the phase damping channel, which affects the coher-
ence between the basis states |0) and |1). The action of a phase damping channel on a qubit state
p can be represented using Kraus operators Ey and Fjy:

Fy = <1 \/10_7A> B = <8 %) (2.26)

where A is the probability of phase damping occurring. The density matrix of the transformed
state p’ after passing through the phase damping channel is given by:

o = EopE} + E1pE] (2.27)

Various techniques are employed to characterize these errors, including randomized benchmark-
ing [41], quantum process tomography [42, 43], and error-mitigation strategies [44, 45]. Randomized
benchmarking involves applying a sequence of random gates to a quantum system and measuring
the resulting error rates to infer gate fidelities. Quantum process tomography provides a detailed
map of how quantum operations transform input states into output states, enabling the identifica-
tion of specific error types.

So, to realize how much the noise affected our measured quantum states, it is crucial to define
a physical property to compare with the expected ideal quantum states. Fidelity is a similarity
measure between two quantum states, described by the density matrices p and o [46]. It quantifies
how well a quantum operation preserves the state of a system or how closely a given quantum state
approximates another, so the best value will be F' = 1 corresponding to the zero error. It is defined
as:

Flp,o) = <T&~ \/ﬁa\/ﬁ>2 (2.28)

For pure states represented by [¢) and |¢), the fidelity simplifies to:

F(p,0) = |(W]¢)” (2.29)

The Randomized benchmarking technology will be used for quantum gates to estimate the gate
fidelity [41, 47], typically involving a subset of the Clifford gates. Clifford gates are a group of
quantum operations that map Pauli operators to other Pauli operators under conjugation.

CPC'=P, Yi=1,...,n (2.30)

where P; is any Pauli operator acting on n qubits, and P/ is the resulting Pauli operator after
conjugation by C. Here are the steps to finish the benchmark based on Ref.[41].
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1. Prepare the Initial State: Initialize the quantum system in a known state, often the |0)
state for qubits.

2. Apply a Random Sequence of Clifford Gates: Generate a sequence of random Clifford
gates {C1,Ca,...,Cp} and apply them to the quantum system. The sequence length m varies
in different experiments to observe how errors accumulate over longer sequences.

3. Apply the Inversion Gate: Compute and apply an inversion gate Ci,, such that in the
absence of errors, the composite operation (Cipy - Cyy - . .. - Co - C1) returns the system to the
initial state.

4. Measure the Output State: Measure the quantum state of the system. The probability
of finding the system in its initial state provi4 des the fidelity of the gate sequence.

5. Repeat with Multiple Sequences: Repeat steps 1 to 4 with many different random
sequences of gates for each sequence length m to obtain a statistically significant measure of
fidelity.

6. Analyze the Data: Plot the fidelity as a function of the sequence length m. Fit the resulting
decay curve to an exponential function, F'(m) = Ap™ + B, where p is the parameter related
to the average gate fidelity. The decay rate provides an estimate of the average error rate per
gate.

Currently, the single-qubit gate fidelity NISQ devices attach 99.99% and 99.9% for multi-qubit
gates [48].

2.2.2 Noisy Quantum Local Simulators

Generally, noisy quantum local simulators are computational tools used to model the behaviour of
quantum systems while incorporating various noise models to simulate realistic conditions. These
simulators are particularly useful for testing quantum algorithms, like variational quantum algo-
rithms, where the effects of noise can significantly impact the accuracy and convergence of the
algorithm. There are methods to perform a qubit on a local classical computer.

However, those can only simulate the ideal noiseless case; real quantum devices are noisy, and
we need to fit a mathematical noise model for them if we want to investigate their noise features.
For more details of quantum operation errors, here is a summary in Tab.2.2 concluded by the
Qiskit Team. By calibrating and measuring the current targeting quantum devices, we can build
the approximated noise model to simulate the noise behaviour on NISQ devices.

So, the workflow involves fitting the noise behaviour and applying it mathematically to our
simulation results; different simulation methods could also affect the noisy results due to truncation
and random number generation.

The error could also occur during the measurement and readout. Note that there is a difference
between the measurement and readout process as shown in Tab.2.3. Measurement collapses a
quantum state into a classical outcome based on quantum rules. The readout is the physical
and practical process of recording and interpreting the outcome of the measurement, which can
introduce additional errors that must be mitigated.
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Simulation Method | Description Use Case
Statevector Represents the full quantum state as a | Ideal for simulating

vector. It provides an exact simulation of

small quantum systems

quantum circuits but scales exponentially | or circuits with low
with the number of qubits. qubit count.
Density Matrix Represents mixed quantum states, ac- | Useful for simulating

counting for decoherence and noise. Re-
quires more memory than state vector
simulations.

noisy quantum circuits
or systems with mixed
states.

Matrix Product State

Efficient for simulating one-dimensional
quantum systems with limited entangle-
ment. Scales well with system size.

Best suited for large
quantum systems with
low entanglement.

Table 2.1: Comparison of Different Quantum Simulation Methods [12]. Obviously, the memory
and performance cost by the state vector method will be the lowest due to fewer elements during
the calculation. Unlike the State vector and Density Matrix, the Matrix Product State is a tensor
network state that could describe the quantum system in low entanglement; more details will be
in the Appendix.

Aspect Measurement Readout

Nature A quantum process (wavefunction collapse). A classical process (detecting the result).

Scope Involves collapsing the quantum state. Involves interpreting and recording the result.

Errors Quantum uncertainties (inherent in quantum mechanics). Hardware-induced errors (misread states).
Dependency Defined by quantum mechanics. Defined by the physical hardware system.

Output A probabilistic quantum state outcome (|0) or [1)). A classical bit (0 or 1) recorded by the system.

Table 2.3: Key differences between measurement and readout in quantum computing.

With the features above, it is obvious that the outcome couldn’t be the same as the classical cal-
culation; to investigate and quantify those effects, a noisy quantum simulator should be established
to avoid the waste of quantum device runtime.

2.2.3 Techniques for Quantum Error Mitigation

Even though we mentioned that NISQ is limited in capability in the last section, multiple strategies
exist to enhance the performance of NISQ quantum channels through Quantum Error Correction
(QEC) [49-51]. QEC is a crucial tool that protects quantum information from the detrimental
effects of noise and decoherence, which are inherent in NISQ devices. It operates by encoding
quantum information into a larger Hilbert space using additional qubits, allowing for detecting and
correcting errors without measuring the quantum information directly, thereby preserving coherence
and entanglement.

This section will review some existing efficient strategies and discuss how they can be deployed
in our project to mitigate errors in NISQ devices. Indeed, the impact of errors can be mitigated
not only at the level of software control, which involves optimizing quantum circuits and error
mitigation techniques but also at the hardware level, through advancements in qubit design and
environmental isolation. Furthermore, error suppression can also be achieved at the algorithmic
level, where quantum algorithms are designed or adapted to be more resilient to noise and errors.
These multi-layered strategies can significantly extend the practical usefulness of NISQ devices and
improve the fidelity and reliability of quantum computations.

Whether we use the quantum estimator or quantum sampler, those primitives will always give
feedback based on the shots of desired qubits. That corresponds to thousands of measurements and



2.2 Noisy Quantum Computing

15

Standard Error Function

Details

kraus_error

A general n-qubit error channel that is completely positive
and trace-preserving (CPTP), represented by a set of Kraus
matrices [Ko, K7, .. .].

coherent_unitary_error

An n-qubit error characterized by a single coherent unitary
operation, represented by a unitary matrix U.

pauli_error

An n-qubit Pauli error channel, which is a mixed unitary
error described by a list of Pauli operators and their corre-
sponding probabilities [(Py, po), (P1,p1) ;.- ]

depolarizing_error

An n-qubit error channel where depolarization occurs with a
specific probability p, uniformly distributing the error across
all possible states.

reset_error

A single-qubit error in which the qubit is reset to the |0) or
|1) state with respective probabilities pg and p;.

thermal_relaxation_error

A single-qubit error channel that models thermal relaxation,
defined by the relaxation time constants 77 and T3, the gate
operation time ¢, and the excited state thermal population

p1-

amplitude_damping_error

A single-qubit error model that represents amplitude damp-
ing, characterized by a damping parameter A and an excited
state thermal population p;.

phase_damping_error

A single-qubit error channel describing phase damping, pa-
rameterized by a phase damping rate ~.

Table 2.2: Overview of standard quantum error functions used in quantum error correction and
simulation. Each function is described by its type (n-qubit or single-qubit) and the parameters

that define the error model [12].

repeats of the total quantum circuits, which could be noisy and sensitive due to the measurement
error. Luckily this type of error is generated with bias, so we can recover the origin noiseless
measurement outcome by analysing the bias for each qubit on each state and then adding an
inverse term to the outcome numerically.

As the Fig.2.6 shown, the readout error mitigator will generate a matrix 2V by 2% to calibrate
the measurement outcome based on the assumption that the measurement error for different qubits
are uncorrelated, this calibration will lead to an external mitigation complexity (O*V) [52].
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Figure 2.6: The figure shows the readout matrix of a four qubits system so 16 eigenstates in
total, the heavy colour means higher probability distribution of the state. Ideally the colour will
only appear on the diagonal line due to the measured states are exactly the prepared states, but
according to the readout error the non-diagonal probability tends to be non-zero so the measured
distribution will leak to the other states.

In our project, more strategies will be used to suppress the error and make better outcomes;
the process description, like Zero Noise Extrapolation (ZNE) and Probabilistic Error Cancellation
(PEC), will be in the Appendix.A.4 and A.5. On the hardware gate level, there are serval strategies
like dynamical decoupling and Pauli gate twirling can be used to reduce the noise affect, more details
will be in the Appendix.A.6.1 and A.6.2. In our VQE-based algorithm, multiple strategies will be
deployed. Here is a performance view concerning their relative outcome error. The relative error
will be reduced to an acceptable level with all strategies enabled [32]. However, more performance
and gate costs will exist due to the extra manipulations [53].

Performance of Different Error Mitigation Strategies
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Figure 2.7: The figure shows the impact of different error mitigation techniques on the computed
energy.
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To evaluate the effectiveness of the error mitigation techniques, Fig.2.8 illustrates the resulting
curves for various configurations.

Three Phonon Scattering to Thermal Conductivity vs. Temperature

Reference Thermal Conductivity Kpef
. Noiseless Result of Thermal Conductivity k
\‘\I ————— Unmitigated Result of Thermal Conductivity
> —~ Mitigated Result of Thermal Conductivity k
“I\\__ """" ZNE Result of Thermal Conductivity k
I Dynamical Decoupling Result of Thermal Conductivity k

10° \\1___ Gate Twirling Result of Thermal Conductivity k

104

Thermal Conductivity (W/mK)

10°

100 125 150 175 200 225 250 275 300
Temperature (K)

Figure 2.8: The figure illustrates that in a toy model of thermal conductivity calculation on NISQ
devices, the estimated value could cause the final result of 1000 times more than we expected.
However, with QEC strategies, the error could be reduced to an acceptable level, which is verified
on a toy model. The ZNE and Dynamic Decoupling will significantly reduce the error rate according
to the final outcome [32].

Based on the methods given above, it could be believed that in a toy model or low qubits usage
with a thin circuit depth case, the total error and the fidelity could be mitigated to an acceptable
level.

2.2.4 Quantum Volume

The Quantum Volume (QV) is a holistic metric introduced to evaluate the practical computational
power of quantum devices. Unlike metrics based solely on qubit count or gate fidelity, Quantum
Volume combines various factors such as the number of qubits, gate fidelity, coherence times, and
qubit connectivity. The Quantum Volume of a device indicates its ability to perform complex
quantum computations by running deep and wide quantum circuits with high fidelity.

In 2019, IBM’s researchers modified the quantum volume definition to be an exponential of the
circuit size [54]. Mathematically, Quantum Volume is defined as:

log, Vg = argmax{min[n, d(n)]} (2.31)
n<N

Where d represents the largest depth for a circuit with n = d qubits and d layers that can be
executed on the device with fidelity above a predefined threshold, typically 0.67 for Heavy Set [55].

Here is a figure to show how the randomized circuit is constructed, as shown in Fig.2.9. Note
that the SU(4) operation corresponds to a two-qubit gate like CNOT and ECR gate, which could
perform the rotation under that symmetry.
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Figure 2.9: Example of a Quantum Volume Circuit Layout, the circuit begins with qubits initialized
to |0) states. Each layer, labelled 1 to d, consists of randomized SU(4) gates applied to pairs of
qubits, interspersed with permutation layers (7) that shuffle qubit pairs to maximize entanglement
across the circuit. This structure repeats for d layers, followed by measurements on all qubits at
the end [56].

To calculate Quantum Volume, the following steps are followed:

e Random Circuit Generation: A random quantum circuit is generated with n = d qubits
and depth d. The circuit applies a sequence of random gates, ensuring a mix of single- and
two-qubit gates.

e Execution and Measurement: The quantum circuit is executed on the device, and the
resulting state is measured.

e Fidelity Evaluation: Fidelity is assessed using cross-entropy benchmarking (XEB), which
compares the measured output distribution pyeasured t0 the ideal distribution pjgea;. The XEB
fidelity Fxgp is calculated as:

1
FXEB = E ;Spideal('s)pmeasured(s) (232)

Where S is a sample set of measurement outcomes. Remember for Quantum Volume to be
valid, the average fidelity F' must exceed a threshold (Z).

With the Randomized circuit as Fig.2.9, we can run it many times and get the results, we
will get the probability for each possible state, and we can calculate the mean probability in those
states, then we can sum all the probabilities that are larger than the mean value which called Heavy
Set like in Fig.2.10.



2.2 Noisy Quantum Computing 19
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Figure 2.10: Heavy output distributions for the simulated Lima QPU at various circuit depths m =
2,3,4,5. Each histogram represents the distribution of heavy output probabilities from multiple
trials. The vertical black line corresponds to the theoretical success threshold of 2/3, while the red
dashed line indicates the mean heavy output probability for each depth. The shaded area around
the mean represents the 20 confidence interval, highlighting the variability in performance. This
figure evaluates the Lima QPU’s capability to generate heavy outputs as a function of increasing
circuit complexity.

In this configuration, we will sum all the probabilities for states that are larger than the mean
value of the probabilities, and then the Heavy Output Set has been set up and can be used to plot
the distribution. If the sum is larger than the threshold for % then it will pass with this Quantum
Volume like for m = 3 case for QV = 23, but it will disagree with m=4 for QV = 2% due to the
sum of the mean value is lower.

The difference from the gate fidelity also includes the factors that could affect the Quantum
Volume (increasing the gate fidelity is not the only way to improve the Quantum Volume for a
specific device:

1. Qubit Quality: Higher coherence times and lower error rates in qubits improve quantum
volume, reducing the likelihood of errors during computation.

2. Gate Fidelity: The precision with which gates (single-qubit and two-qubit) are applied is
critical. Higher gate fidelity allows for more accurate operations, impacting the depth and
complexity of circuits that can be reliably executed.

3. Qubit Connectivity: The layout and connectivity of qubits (i.e., how qubits can interact
with one another) affect the ability to apply two-qubit gates without significant error. Better
connectivity reduces the need for additional operations to route qubit interactions, which can
introduce errors.

4. Error Mitigation Techniques: Techniques that detect or correct errors (like error cor-
rection codes) can improve effective quantum volume by allowing deeper circuits with fewer
overall errors.



20

Quantum Information & Quantum Simulation

10.

Noise Levels: Background noise in the quantum system, including both thermal and en-
vironmental noise, can impact fidelity. Lower noise environments generally allow for higher
quantum volume.

Measurement Fidelity: Accurate measurement is crucial since errors in the final measure-
ment step can affect the observed fidelity, thus impacting the calculated Quantum Volume.

Circuit Compilation Efficiency: The ability of compilers to optimize circuits for spe-
cific hardware impacts the Quantum Volume. Efficient compilation reduces the number of
necessary operations, thereby reducing errors and enhancing circuit depth.

Calibration Frequency: Regular calibration of qubits and gates ensures that the device
performs optimally. Devices calibrated frequently tend to maintain higher fidelity over time,
positively impacting Quantum Volume.

Thermal Management: For superconducting qubits and other temperature-sensitive quan-
tum systems, maintaining a stable, ultra-cold environment is essential. Effective thermal
management prevents decoherence and preserves qubit fidelity.

Quantum Hardware Scalability: As the number of qubits increases, managing and main-
taining the quality of each qubit and gate operation across the entire system becomes challeng-
ing. High scalability with consistent performance across qubits improves Quantum Volume.

In summary, Quantum Volume reflects a device’s ability to handle complex, high-depth quantum
circuits and thus provides a realistic measure of its computational power. Devices with higher
Quantum Volume are better suited to tackle intricate algorithms and demonstrate resilience to
noise. By combining qubit count, gate fidelity, connectivity, and coherence into one figure of merit,
Quantum Volume allows for a fair comparison across different quantum devices and architectures.



Application of Nuclear Structures

3.1 Overview of Our Proposed Work

In this section, we will briefly summarise our roadmap and project goals, including how the VQE
will effectively estimate the ground-state energy based on the customized nuclear pairing model
in 3.1.1, with our assumption to treat the proton only since the neutron will not affect the form
factor from Ref.[10]. The Appendix A.9 will provide more details about the previous work with
the Lipkin model.

The operator mapping details and the process to build the quantum circuits are in the 3.1.2,
and we will also introduce some optimizers to finish the iterations for the VQE algorithm in 2.1.5
and 3.1.3.

3.1.1 Theoretical Framework of the Nuclear Shell Pairing Model

In many cases, the ground state energy of a nucleus cannot be solved precisely due to the complexity
of the nuclear many-body system [57]. Quantum computing could have the potential to significantly
enhance this model’s efficacy by efficiently simulating complex many-body quantum systems, which
are challenging for classical methods [10, 32]. This integration allows for more precise calculations
of interaction cross-sections and detection rates, increasing the sensitivity and reliability of dark
matter detection efforts [9]. The DM-Nuclei scattering can relate to the WIMP-Nuclei interaction,
which can be calculated by quantum computing [10]. The basic idea is that WIMP will randomly
hit (interact with) the nucleus with a tiny probability, but theoretically, it’s always non-zero.
The momentum and energy transfer will not change the nuclear shell structure and the ground
state. It will affect charge density, which is the fundamental principle behind DM direct detection
experiments. We introduce the nuclear shell pairing model, particularly for large atoms to address
this. The nuclear shell pairing model is vital for dark matter detection as it accurately describes
the nuclear targets used in experiments, thereby improving the predictions of nuclear responses to
dark matter interaction [58].

Similar to how electrons are arranged in shells around an atom, nucleons (protons and neutrons)
occupy discrete energy levels within the nucleus. As nucleons are added to the nucleus, they drop
into the lowest-energy shells permitted by the Pauli Principle, requiring each nucleon to have a
unique set of quantum numbers to describe its motion. The nuclei will be stable only when the
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shell is fully occupied [59].

Within the framework of the nuclear shell model, nucleons occupy orbitals characterized by half-
integer angular momentum eigenvalues, such as j = %, %, %, .... These nucleons form pairs within
their respective orbitals, specifically in even numbers. By keeping the number of neutrons constant,
the primary focus is directed towards the proton orbitals. The total angular momentum is zero for
simplicity, effectively coupling a state |j,m) with its corresponding |j, —m) state. Consequently,

the creation and annihilation operators are given by:

S’;F = Z (_1)(j—m)a}maj_m’

m>0

S => (=D, pnajm

m>0

(3.1)

The pair creation operator S;r creates a pair of nucleons in the orbital j with projections m and

—m, while the pair annihilation operator S’J_ annihilates a pair of nucleons from the same orbital.

With the mutually SU(2) algebras [S';F, SJ_} = 251-]-5'9, [5’?, g]i} = :téijgj-:.

t ] 1
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Figure 3.1: This image illustrates four different types of nucleon pairs, characterized by their spin
(S) and isospin (T") properties for nuclei with the same number of protons and neutrons (Z = N)
[60]. The left side with red colour is the Proton-Proton Pair, the Mixed Pair in the middle, and
the Neutron-Neutron Pair on the right.

It is similar to the electron Spin Singlet State (S = 0), both protons or neutrons paired with
opposite spins (left and right diagrams in Fig 3.1), resulting in zero total spins. Neutron-proton
pairs in an isospin singlet state also exhibit this behaviour (middle top diagram). And for Spin
Triplet State (S = 1), Neutron-proton pairs with parallel spins form a triplet state (bottom middle
diagram), resulting in a total spin of one.

In our project, here’s one thing that should be mentioned: we neglect the difference between the
proton and neutron as they are equivalent [9, 10], the customized Nuclear Shell Pairing Hamiltonian
of the nucleons interacting with a pairing force scale |G| system is

H= Z ejaj-majm — |G| Z ch/S;-“Sj_, (3.2)
jm 37’

The a}majm can be regarded as the nucleon number operator N = N, + N,,. Where the coefficient

>l

2 — 1. Since the operators, it’s naturally adapt the representation of SU(2) algebras
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as the same as the qubit form, it can be expanded into the sum of the following terms

H= 61/25(1)/2 + 63/253?/2 - 01/2»1/251+/251_/2 (3.3)

- 61/2,3/25;?253_/2 - 03/271/25:;7251_/2 - 63/273/25;/253:/2

The VQE algorithm can be employed to estimate this Hamiltonian’s ground state energy. The
VQE algorithm optimizes a parameterized trial wave function to minimize the expected energy. The
estimated energy, which depends on the variational parameters 01, - - - , 0, is iteratively refined until
it converges to its minimum value. This estimated energy is always greater than or equal to the
ground state energy:

A~

B0y, .0,) = (H) > H, (3.4)

The expectation value of the Hamiltonian is expressed as:

B(r,+00) = 3 i (0(01, -+, 0) | B (01, ,00) ) (3.5)
i
Here, a; are the coefficients corresponding to the Pauli operators I:’,-, and (61, -+ ,0,) is the
parameterized trial wave function. The objective is to determine the set of parameters 61,--- , 8,
that minimizes E(61,--- , 6, ), thereby providing an estimate of the ground state energy Hy.

3.1.2 Qubit Mapping and Circuit Design

An important step then is to map the physical observables in the modelled system to qubits
observables, not only for the Hamiltonian but also for the approximate ansatz.

Based on the derivation of the nuclear pairing model, the Hamiltonian can be written as the
form of the sum of Pauli products. Then the quantum estimator will evaluate the Hamiltonian
that converts to the qubits’ observable form, but an effective trial wavefunction is still needed.

Ansatz for General Gate Set

Figure 3.2: This figure shows the effective ansataz for two parameters case in a general gate
set. The light blue multi-qubit gate is Controlled-Z gate that corresponds to Z operation on the
desired qubit with the condition of control qubit. And extra CNOT gate will be used to create the
entanglement between those qubits as a many-body system.

However, different quantum platforms have their own gate definition and universal gate set, so
commonly, a general gate set will not truly and exactly be deployed into our algorithm. Only the
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conventional gate will participate in the quantum operation. The IBM quantum platform has a
basic gate set definition [12]. The figure below shows the converted version of the IBM basic gate
set.

Siabail Al Equivalent Ansatz for Basic Gate Set

Figure 3.3: This figure shows the quantum circuit after the conversion. The CZ gate will be
replaced by the combination of CNOT gate and Rz gate.

With the different gate set definitions above in Fig.3.3 and Fig.3.2, the number of gates will also
differ under the set transformation, even if the quantum operation unitary matrix is mathematically
equal.

Depending on the type of qubit, unitary operations(gate or circuit) applied to the physics qubit
can be done with a laser pulse or external dynamic field. For IBM Quantum Hardware, the pulse
sequence defines all of the quantum gates [12]. An algorithm that incorporates excessive gates can
substantially degrade its performance accuracy. This deterioration occurs as the increased gate
count reduces the available dephasing time and amplifies the quantum errors introduced during
computation. Once a job is submitted to the quantum platform, which must include an executable
quantum circuit, it includes a combination of serval quantum gates.

3.1.3 Classical Optimizer and Quantum Iterations

In VQE, two primary components are crucial: the classical optimizer and quantum iterations.
The classical optimizer’s role in VQE is to find the optimal parameters for a quantum circuit that
minimizes a cost function, which typically represents the expectation value of the Hamiltonian with
respect to a specific quantum state. Here, we include a table showing the most commonly used
optimizers we may deploy to our algorithm based on the benchmark.
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Optimizer

Type

Description

Gradient Descent

Gradient-Based

Adjusts parameters iteratively in the direc-
tion of the negative gradient to minimize the
cost function.

COBYLA (Con- Gradient-Free A derivative-free method that handles con-
strained  Optimiza- straints by linearly approximating the cost
tion BY  Linear function within a region.

Approximations)

Nelder-Mead

Gradient-Free

A simplex-based method effective for opti-
mizing non-smooth functions without requir-
ing derivatives.

BFGS

Gradient-Based

Uses an iterative approach to approximate
the Hessian matrix for efficient local mini-
mum finding.

Simulated Annealing

Stochastic/Heuristic

Explores the solution space probabilistically,
allowing occasional cost increases to escape
local minima.

SLSQP  (Sequential Gradient-Based A gradient-based optimization method effi-

Least Squares Pro- ciently handles equality and inequality con-

gramming) straints using a sequential quadratic pro-
gramming approach.

SPSA  (Simultane- | Stochastic/Heuristic | An efficient optimization algorithm that ap-

ous Perturbation proximates the gradient by perturbing all pa-

Stochastic Approxi-
mation)

rameters simultaneously, making it suitable
for noisy environments.

Table 3.1: Common Classical Optimizers used in VQE. This table categorizes several optimizers
based on their types—gradient-based, gradient-free, and stochastic/heuristic—and briefly describes
their key characteristics and use cases. Gradient-based optimizers, such as Gradient Descent and
BFGS, rely on gradient information to navigate the cost landscape, while gradient-free methods like
COBYLA and Nelder-Mead do not require derivatives and are useful for non-smooth or constrained
optimization problems. Stochastic/heuristic methods, including Simulated Annealing and SPSA,
are designed to handle noisy environments and escape local minima by probabilistically exploring
the solution space. These optimizers are vital for tuning the parameters of quantum circuits in
VQE, a hybrid quantum-classical algorithm for finding the ground state energy of quantum systems.
61]

With the optimizers above, we can create the corresponding cost function of the expected
ground state energy of the nuclear pairing model. With the energy cost estimated, the parameters
could be sent to iterate until the energy cost is attached the minimum. The Fig.3.4 below shows
there are huge differences for various optimizers under a specific noise configuration.

The configurations above include COBYLA, L-BFGS-B, and SLSQP [62]. Each optimizer is
evaluated under several scenarios: with depolarizing errors of 0.01, 0.05, and 0.1, and with a
”GenericBackendV2.” The Generic Backend will be created by the real noise data and fitting them
into the noise model by IBM [12, 61].

The total evaluation process will be run on a real quantum backend offered by IBM Quantum.
However, due to the limited run time and expensive cost of 1.6 USD /s, we had to test our algorithm
locally before we submitted the job to IBM Cloud. In the previous section, we concluded the
simulation method so that we could evaluate it locally on our PC according to the matrix operation,
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Energy convergence for various optimizers

—— COBYLA with Depolarizing error 0.01
COBYLA with Depolarizing error 0.05
—— COBYLA with Depolarizing error 0.1
—— COBYLA with GenericBackendv2
—— L_BFGS_B with Depolarizing error 0.01
—— L_BFGS_B with Depolarizing error 0.05
L_BFGS_B with Depolarizing error 0.1
—— L_BFGS_B with GenericBackendv2
SLSQP with Depolarizing error 0.01
—— SLSQP with Depolarizing error 0.05
—— SLSQP with Depolarizing error 0.1
SLSQP with GenericBackendv2
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Figure 3.4: The figure illustrates the energy convergence for various optimization algorithms under
different conditions. The y-axis represents the energy difference from the solution reference value,
plotted on a logarithmic scale, while the x-axis indicates the evaluation count.

and the process could also enhanced through parallel computing via GPU [12].

The memory cost of local quantum simulations depends on the size of the simulated quantum
system and the specific simulation method used. For simulating a quantum system with n qubits,
if using a full state vector representation, the memory cost scales exponentially as 2™ complex num-
bers, requiring 16 x 2™ bytes (assuming each complex number uses 16 bytes for double-precision
floating-point format). However, for local quantum simulations that leverage tensor network meth-
ods like Matrix Product States (MPS) A.8, the memory cost can be significantly reduced and scales
as O (nD?), where D is the bond dimension that depends on the entanglement in the system [63].
In our program, most noisy simulations on local computers will be done with MPS methods if there
are no strict restrictions on accuracy.

Number of Qubits (n) | Memory Cost (MB) | Memory Cost (GB)
2 0.00025 0.00000024
4 0.004 0.000004
8 1.024 0.001
16 67,108.864 65.536
32 288,230,376,151,711.744 268,435,456

Table 3.2: Memory cost for simulating quantum systems from 2" qubits up to 32 qubits in
complex128 format. The cost could be half if we convert the format into complex64, but it will

lose accuracy.

The memory cost will depend on the simulation process itself, and the quantum circuit depth
will also affect it [12] as shown in Fig.3.5.



3.1 Overview of Our Proposed Work 27

TwolLocal 127Q Peak Memory (MiB)

1750 1
>0 Qiskit 0.43 ;
-=-- Qiskit 0.44 /S
15001 -=-- Qiskit 0.45 4
— Qiskit 1.0 '
@ 1250 -
3
g
% 1000 -
iy
£
g 750
£
X
3
& 500 -
250 1
0_ T T T T T T
0 200 400 600 800 1000
Depth

Figure 3.5: The figure illustrates the memory cost for the 127 Qubits devices; different software
package versions will also influence it. The circuit depth or circuit layer will be in linear relation
with the cost, so it is important to find an effective mapping and effective storage method [12].

So it is crucial to quantify the relation between the number of parameters used in ansatz and
the multi-qubit depolarisation noise level corresponding to the estimated energy difference with
reference energy. Those could help us build a more effective algorithm with fewer errors and
performance cost, and the outcome could be within an acceptable range.
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Results

The results presented in this chapter provide valuable insights into the effectiveness of various error
mitigation techniques in enhancing the accuracy of the VQE algorithm under noisy conditions.
By systematically analyzing the impact of measurement error mitigation, ZNE, and PEC methods
(also with error suppression methods in the A.6), it becomes evident that each approach offers
distinct benefits and limitations depending on the type and extent of noise present.

This section will expand upon these findings, considering each mitigation strategy’s practical
implications and theoretical significance in the context of near-term quantum devices. In particular,
we will explore how the trade-offs between mitigation accuracy and computational overhead may
influence the selection of techniques for specific applications. The results of the broader challenges
of quantum error correction and the ongoing development of hybrid approaches that combine
mitigation with early-stage error correction methods will also be discussed. Through this analysis,
we aim to establish a clearer understanding of how these strategies can support the advancement of
quantum algorithms in the NISQ era, while also identifying potential pathways for further research
into optimizing quantum computation amidst hardware limitations.

4.1 Impact of Quantum Errors

The imperfections in quantum gates, especially prevalent in the NISQ era, pose significant chal-
lenges to the accuracy and reliability of quantum computations. These imperfections manifest as
gate errors, decoherence, and measurement errors, collectively contributing to deviations from the
ideal quantum behaviour we introduced in 2.2. In the context of the VQE algorithm, such errors
can lead to discrepancies in the computed energy levels, potentially undermining the algorithm’s
ability to approximate the ground state energy of a given Hamiltonian accurately.

This section delves into how quantum gate imperfections impact the expectation values obtained
from quantum measurements. We began from the characterization in 4.1.1. We systematically
analysed how various types of errors—such as single-qubit gate errors, two-qubit gate errors, and
readout errors—affect the convergence and accuracy of the VQE algorithm in 4.1.2. Additionally,
we explore the cumulative effect and the accuracy of the number of parameters over multiple
iterations of the algorithm in 4.1.3, highlighting the importance of error mitigation techniques.

Furthermore, we investigate the effectiveness of Quantum devices’ quantum volume in 4.1.4,
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noting that this metric reflects their capability to run complex algorithms. The temporal vari-
ability of quantum errors introduces additional complexity. By examining these metrics, we aim
to provide a comprehensive understanding of the impact of quantum errors on algorithmic perfor-
mance, laying the groundwork for strategies to enhance the robustness of nucleus simulation on
near-term quantum computers.

4.1.1 Error Characterization

Accurate characterization of qubit performance and error rates is crucial for designing efficient quan-
tum circuits and implementing effective error mitigation strategies [64]. The table below presents
the average values of these parameters for the ibm_brisbane quantum system. The relaxation time
(T1) of the qubits is measured to be 228.87 us, indicating the average time a qubit remains in its
excited state before decaying to the ground state. The dephasing time (73) is 144.28 us, repre-
senting the timescale over which a qubit preserves its phase coherence, considering both energy
relaxation and dephasing from environmental interactions. The qubit frequency is approximately
4.906 GHz, which affects the qubit’s operational speed and interaction with control pulses. The
Error Per Logical Gate (EPLG) is reported as 1.98%, providing an estimate of the average error
rate per single-qubit gate operation.

ibm_brisbane

Parameter Average
T (ps) 228.87
To(us) 144.28
Qubit frequency (GHz) 4.906
EPLG 1.98e—2
Pauli-X gate error 2.287e—4
ECR gate error 8.082e—3

Readout error P(0 | 1) 0.0152
Readout error P(1|0) 0.0136

Table 4.1: Average performance parameters and error rates for the IBM Quantum System
ibm_brisbane, including coherence times (77 and T5), qubit frequency, gate errors, and readout
errors.

As previously discussed, precise characterization of qubit performance and error rates is essential
for designing efficient quantum circuits and selecting suitable error mitigation strategies. For our
implementation, we will prioritize mapping to the qubits exhibiting the best performance, given
that not all qubits on the device will be utilized. These performance parameters serve as the
foundation for our subsequent benchmarking tests, where we systematically assess the behaviour
of quantum algorithms under realistic operational conditions. Moreover, it is essential to note that
error rates are not static; they fluctuate over time and tend to increase due to cumulative temporal
effects.

We chose the following qubits layout in Tab.4.2 with the best performance for the transformation
and compilation process for the two parameters case.

With the characterization above, we can map the ansatz to the physical quantum gate sequence
with the best entanglement performance and lowest error rate.
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Physical Qubit Ansatz Qubit Classical Register

19 0
20 1 1
21 2 2

Table 4.2: Mapping of ansatz logical qubits to physical qubits on the quantum device. Due to low
qubits usage, all logical qubits are directly connected; there are no ancillary qubits to facilitate the
necessary swaps to establish connectivity.

4.1.2 Impact of Gate Fidelity on Energy Estimation Accuracy

In the presence of noise, the results obtained from quantum computations deviate from those of an
ideal, noiseless system. It is therefore crucial to define an acceptable tolerance for these deviations,
particularly in relation to the energy expectation value. For our analysis of the simplest nuclear
pairing model, the target pairing energy estimate is set at —0.48072, and we establish a tolerance
threshold of 1 x 1072, This threshold ensures that the noise-induced discrepancies in the energy
estimation remain within a range considered practically acceptable for our application.

To thoroughly investigate the impact of gate fidelity on energy estimation accuracy, we incor-
porate a noise model into our simulations. This noise model is designed to replicate the errors
typically encountered in real quantum hardware, such as gate errors, decoherence, and measure-
ment noise. By simulating these noise effects, we can better understand how they influence the
performance of the VQE algorithm, particularly in terms of energy estimation accuracy. The noisy
simulation allows us to systematically explore the relationship between gate fidelity and the result-
ing energy deviations, enabling the identification of critical thresholds beyond which the accuracy
of the energy estimate becomes unacceptable.

The quantum noise can be described by the quantum channel, we have demonstrate a general
form of it in the Appendix.A.3. Nowadays on the NISQ devices, the dominant noisy channel will
be a depolarizing channel on both single-qubit and multi-qubit gates, which can be represented by:

E(p) = (L=plp+1 (4.1)

where p is the depolarizing error rate, d is the dimension of the Hilbert space (d = 2 for a single
qubit), and I is the identity matrix.
The fidelity F' of a quantum gate under depolarizing noise is defined as:

F= / i (BIE () )]) (4.2)

F=(-p) [dow o)+ [ (43)

Substituting the noise model:

E(p) = \ N (4.4)
(=) (-%)a g
F:(1—p)+§-d (4.5)
For a single qubit (d = 2):
Fe1- gp (4.6)
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In general the depolarizing channel for a two-qubit gate, like the ECR gate, could be calculated
using the same method (with d = 4). With the formula given above, we can set up the depolarizing
error for the noise model and find out how to get the estimated energy in the acceptable range.
However, in our case the measurement error is also ineligible. For a single qubit, the measurement
error can be represented by a 2 x 2 probability matrix:

_(1-P]0)  P(1]0)
M_< PO]1) 1—P(0|1)> (4.7)

Where the P(0 | 1) is the probability of measuring |0) when the actual state is |1), and P(1 | 0)
is the probability of measuring |1) when the actual state is |0). With this matrix, we can easily
recover the bias from our measurement outcome.

In Figure 4.3, we explore the influence of gate fidelity on VQE performance by examining how
the energy difference from the reference value varies under different fidelities. This plot illustrates
VQE runs with various trail wavefunction configurations (custom ansatz, RYRZ+CNOT ansatz,
EfficientSU2, and EfficientSU2 with two repeats) under single-qubit and two-qubit gate noise con-
ditions.

Effecient SU2 Ansatz for Basic Gate Set

Global Phase: n

Figure 4.1: This is the most commonly used HEA ansatz, which uses linear connection by CNOT
gate to create the entanglement states for the system of total qubits. Due to the multi-layer of
a single rotation gate, the output can precisely vary when we change the variational parameters.
However, this form will cost more for the number of gates and number of parameters in use with
longer runtime and iteration on QPU.

Refer to the traditional HEA ansatz above, here is a new type of HEA ansatz for the RYRZ4+CNOT
ansatz created by us.
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Figure 4.2: This types ansatz include the Ry gate, which could represent the complex trail wave-
function naturally, with a reverse linear connection for three qubits. The total gate cost will between
our customized ansatz and the IBM Efficient SU2 ansatz.

In our attempt for the VQE performance, we sweep the gate fidelity on all of those ansatz versus
the output energy difference. Note that the peaks occur because sometimes the error is large, and
the optimizer cannot iterate to the correct value and stop.
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Figure 4.3: VQE performance as a function of qubit gate fidelity for 8192 shots. The plot shows the
energy difference from the reference value across various simulation runs, including different ansatz
configurations (custom_ansatz, RYRZ+CNOT Ansatz, EfficientSU2, and EfficientSU2_reps2) under
single and two-qubit noise conditions. Vertical dashed lines indicate the points at which the energy
difference exceeds the set threshold of 1 x 1072, highlighting the impact of noise on the accuracy
of the energy estimation. The red dashed line marks the 1 x 10~2 threshold reference for energy
difference.

It demonstrates how qubit gate fidelity affects VQE performance, specifically by examining the
energy difference from a reference value across multiple ansatz configurations under single- and
two-qubit noise conditions. As gate fidelity decreases, the energy difference typically increases,
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reflecting the impact of noise on computation accuracy. The custom ansatz configuration reaches
the 2e-2 accuracy threshold at relatively high fidelities (0.9962 for single-qubit noise and 0.9697 for
two-qubit noise), indicating a sensitivity to noise. The RYRZ+CNOT Ansatz performs somewhat
better, achieving the threshold at slightly lower fidelities (0.9946 for single-qubit noise and 0.9734
for two-qubit noise). The EfficientSU2 ansatz further improves on this, maintaining accuracy
down to fidelities of 0.9984 for single-qubit noise and 0.9841 for two-qubit noise, showing enhanced
robustness in comparison. Among the tested configurations, EfficientSU2 with two repeats is the
most resilient, crossing the threshold only at 0.9986 for single-qubit noise and 0.9914 for two-qubit
noise.

In conclusion, the findings underscore the varying robustness of VQE ansatz designs to noise;
traditional HEA ansatz does not demonstrate superior tolerance to reduced fidelity. This suggests
that certain ansatz configurations, such as our custom ansatz, are better suited for implementation
on NISQ devices, where gate fidelities are often constrained. Identifying specific fidelity thresh-
olds provides a practical guideline for selecting an appropriate ansatz based on hardware fidelity,
balancing the demands for computational accuracy and noise resilience in quantum applications.

4.1.3 Effect of Iteration Parameter and Gate Count

It is hypothesized that energy discrepancies may increase with more parameters in the ansatz. To
explore this, we developed the standard HEA and customized efficient ansatz based on Ry + Ry
gate, with fewer single-qubit gates.

During our investigation, we observed a significant increase in quantum errors as the system’s
complexity escalated. This observation underscores the critical need for thorough characterization
and quantification of these errors, as they directly impact the accuracy of estimated ground-state
energy and the convergence behaviour of iterative algorithms. To address this, we have conducted
a series of experiments that vary the number of parameters in the ansatz. In parallel, we examined
the correlation between estimated energy and the fidelity of CNOT and ECR gates, given their
prominent role in contributing to quantum errors within NISQ devices.

Feature IBM Heron R2 IBM Eagle R3
Number of Qubits 156 127
Architecture Heavy-hexagonal lattice Heavy-hexagonal lattice
Qubit Technology Fixed-frequency qubits with tunable couplers Fixed-frequency qubits with fixed couplers
Gate Fidelity Improved gate fidelities with Error per Layer Gate (EPLG) of 0.4% Enhanced coherence properties leading to lower gate errors
Signal Delivery Utilizes high-density flex cabling for fast, high-fidelity control Advanced semiconductor signal delivery and packaging technologies
Quantum Volume 512 128
Basic Gate Set {CZ,ID,RZ,5X,X} {ECR,ID,RZ,5X,X}

Table 4.3: Comparison between IBM Heron R2 and Eagle R3 quantum processors.

Generally, the Heron R2 include 156 qubits, tunable couplers, and a quantum volume of 512,
is optimized for complex computations requiring high gate fidelity and flexible interactions. Ea-
gle R3, with 127 qubits and fixed couplers, emphasizes coherence stability, benefiting applications
requiring extended qubit state duration despite a lower quantum volume of 128. Both share a
heavy-hexagonal lattice architecture, supporting connectivity and reduced cross-talk. While Heron
R2 uses high-density flex cabling for rapid signal control, Eagle R3 leverages advanced semicon-
ductor signal technologies. Their shared gate set, {X,SX, Rz, ID}, allows for versatile quantum
operations. Together, these processors reflect IBM’s advancements in fidelity, scalability, and co-
herence management.

To better display the relation between the number of gates and the number of parameters
(DOF) on the different generations of quantum devices, we have created a statistic figure below to
show the number of different types of gates on Heron and Eagle devices.
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Figure 4.4: Working in Progress

Note that the relation between the number of variational parameters and the number of
single/multi-qubit gates is not a linear relation due to different types of ansatz, and the gate
cost may be significantly different on two platforms. The Depth is corresponding to the actual
quantum gate layers on the specific devices, a deeper circuit will cause larger time cost due to more
basic operations, which may also lead to extra error by additional gates.

A comprehensive presentation of the results, illustrating the impact of both parameter count
and gate fidelity on system performance, is provided in Fig.4.5.
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Number of Gates vs Energy Difference without Rz
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Figure 4.5: This figure illustrates the linear dependence of the gate cost, excluding the Rz operation,
versus the estimated energy difference. The Ry operation is omitted because it is a purely software-
based operation on the IBM Q platform, introducing no error. Detailed values are displayed in the
brackets. To reach the minimum energy difference, we set the optimal point as the input for the
quantum estimator, replacing the need for VQE iterations.

In summary, this finding shows that the energy difference is not directly relevant to the number
of variational parameters in the ansatz, but a linear relation to the number of gates instead.

4.1.4 Is the Quantum Volume a Good Metric?

The need to verify Quantum Volumes’ validity arises from the inherent complexity of quantum
systems. Different quantum tasks—such as optimization, simulation, and cryptography—place
varying demands on the hardware. A metric that works well for one type of quantum workload
might not necessarily be suitable for another. By scrutinizing QV, we aim to ensure that it accu-
rately reflects the quantum computer’s ability to perform meaningful and diverse tasks rather than
just being an abstract or overly generalized measure, especially compared to fidelity.

In Figures 4.6 and 4.7, we explore the relationship between QV and the accuracy of energy esti-
mations in quantum simulations. The plots illustrate how increasing QV correlates with improved
energy estimation, as lower estimated energies generally indicate a better approximation of the
ground state energy in quantum systems. This suggests that higher QV systems can handle more
complex quantum states and deeper circuits, which are crucial for accurate quantum simulations.
Both figures illustrate how increased quantum volume, generally achieved through a combination
of higher qubit counts and circuit depth, correlates with decreased estimated energy, suggesting
that higher quantum volume (ranging from 8 to 256) leads to more accurate energy estimations.
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Estimated Energy vs Quantum Volume (Efficient Ansatz)
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Figure 4.6: Plot of Estimated Energy versus Quantum Volume for different qubit counts using an
Efficient Ansatz. Data points correspond to various QV values with qubit counts ranging from 5 to
33, indicated by color-coded markers. The fitted curve follows the function f(z) = a. log(x)+b, with
parameters a = —0.018 and b = —0.379, shown as a red line. Error bars represent the uncertainty
in estimated energy measurements, illustrating how increased quantum volume generally leads to
a lower estimated energy.

In Fig.4.6, the fitted curve follows the function f(x) = alog(z) + b with parameters a = 0.018
and b = 0.379. This plot shows a moderate decrease in energy as quantum volume increases, with
data points clustered around qubit counts of 5,20, and 27 and a slight levelling off of the energy
reduction at higher volumes.

Figure 4.7 shows a similar plot but with the Efficient SU2 ansatz and reverse linear CNOT
connectivity, where the fitted curve has parameters a = 0.022 and b = 0.353. In this case, the
steeper slope (a = 0.022) suggests a stronger correlation between quantum volume and estimated
energy reduction. This ansatz achieves a slightly lower estimated energy overall, indicating that
the SU2 structure with reverse CNOT connectivity may be more effective in reducing energy than
the generic Efficient Ansatz.
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Estimated Energy vs Quantum Volume (Efficient SU2 Ansatz with reverse linear CNOT)
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Figure 4.7: Plot of Estimated Energy versus Quantum Volume using an Efficient SU2 ansatz with
reverse linear CNOT connectivity. Data points represent various QV values for qubit counts ranging
from 5 to 33, identified by different colors. The fitted curve follows the function f(z) = a- log(z)+b,
with parameters a = —0.022 and b = —0.353, depicted as a red line. The plot demonstrates a
general decrease in estimated energy with increasing quantum volume, highlighting the impact of
circuit depth and qubit count on energy estimation accuracy.

Comparatively, our custom ansatz yields lower energy estimates at similar quantum volumes,
suggesting it may be more effective for energy accuracy than the traditional HEA Effcient SU(2)
ansatz, potentially due to better entanglement and expressiveness provided by the reverse linear
CNOT connectivity. This analysis highlights that the choice of ansatz structure and connectivity
can significantly impact the efficiency and accuracy of energy estimation in quantum algorithms,
with more structured approaches (like our customized effective ansatz) potentially outperforming
simpler ansatz designs in practical implementations.

However, according to the comparison, the energy difference going down is more likely relevant
to the gate fidelity, especially for the multi-qubit gates. Quantum Volume increased in the new
generation of devices due to more qubits in the processor. So in our case, gate fidelity might be a
better metric with linear fit than the Quantum Volume.

4.2 Techniques for Error Suppression

This section focuses on various techniques for error suppression in quantum computing, not only in
the QISKIT library. It begins with a discussion on measurement prediction for a three-qubit system
incorporating error mitigation strategies, emphasizing the practical applications of error reduction
in4.2.1. In 4.2.2, we explore new error mitigation approaches, providing a method to counteract the
effects of noise and operational inaccuracies in quantum systems by a quadratic form cancellation on
the measured expectation value. The section further delves into second-order perturbation theory
applied to Hamiltonians under noisy conditions, offering insights into how theoretical models can
account for and predict the impact of noise in 4.2.3. Note that the second-order perturbation
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theory will also have the quadratic form in the expression. However, it formulates the errors in the
ansatz and state preparation by the perturbative gate Hamiltonian; it’s different from the quadratic
form on the measurement expectation value. Finally, we conclude with benchmarking and outline

potential future research directions to improve quantum computations’ robustness and accuracy in
4.2.4.

Fig.4.8 shows the noiseless sweeping for the two parameters in our nuclear pairing custom
ansatz.
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Figure 4.8: Tllustration of results in the noiseless iteration case, each figure has 200*200 sites and
runs with 8192 shots; the noise model only has depolarising errors on single-qubit and multi-qubit
gates. The upper left figure shows the estimated energy for the paring Hamiltonian, taking the
parameters from 0 to 2pi, and the right plot is in 3D viewing.

Results from noisy simulators are quite different from those from the noiseless case; it even
demonstrates that the estimated energy could be lower than the classical prediction at some point.
To justify this, we have created a noise model to adapt the noise features in Tab.2.2, which could
give us a more realistic result close to the actual quantum backend.

Fig.4.9 shows the energy difference for the noisy and noiseless case, 0E = E;isy — Enoiseless-
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Figure 4.9: Comparison of energy difference between noisy and noiseless simulations. The left panel
shows a 2D contour plot of the energy difference as a function of parameters 61 and 6o, with red
markers indicating zero value points (results are the same) under a le — 3 tolerance. The right
panel displays a 3D surface plot of the same energy difference, providing a detailed view of the
variation across the parameter space.

We can find the minimum point with a minus sign (1.56,4.70) of Fig.4.9 corresponds to the
maximum point in the previous noiseless result Fig.4.8. The maximum energy difference point with
a positive (1.56,1.56) corresponds to the minimum in the noiseless result. If there is no error on
the energy difference, the 3D View above should be a plane on the x-y axis with z = 0.

Then, there is a problem we must overcome: How can we decrease the energy difference and
make the result more accurate?

To address this, we have to test the error mitigation strategies offered by QISKIT and present
our ideas based on the noisy data as in the subsections below.

4.2.1 Measurement Prediction for Three-Qubit Case with Error Mitigation

The errors will not only occur during the state preparation but also during the measurement each
time. So, the first step is to understand how the incorrect readout affects the result and what the
model is to describe this phenomenon.

In our VQE algorithm, several sources contribute to measurement errors:

e State Discrimination Errors: Misclassification of |0) as |1) and vice versa, direct cause of
bit-flip errors.

e Cross-talk: Measurement of one qubit affects neighbouring qubits.
e Decoherence during Readout: Loss of coherence during the measurement process.

Since there are only 0 and 1 outcomes for Qubits measurement, no matter which basis we
choose, due to the binary orthonormal configuration similar to the classical bits, an error can occur
due to incorrect state readout and be stored by switching them in the classical register, which
means storing 0 for an actual 1 state; we call it bit-flip classically.

In the later attempt, we derive the measurement prediction for a three-qubit system subject
to bit-flip errors during measurement. Assume that each qubit can undergo a bit-flip error with
certain probabilities due to imperfect measurement. For qubit ¢, let pg , denote the probability of
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a bit-flip from 0 — 1, and p; 4 denote the probability of a bit-flip from 1 — 0. The total bit-flip
probability for each qubit is therefore defined as:

Pg = Po,g T Plg- (4.8)

The goal is to compute the expectation value of a noisy measurement of the operators Z; ®
Zs ® Z3 in the presence of these bit-flip errors.

For a single qubit measurement, the bit-flip corrected expectation value of any operators Z
under bit-flip errors is given by:

E(Z)=(1~po—p1)Z+ (p1 — po)I, (4.9)

where Z represents the noisy measurement of Z. When calculating the expectation value, the term
proportional to I cancels out (since it contributes a constant factor), leaving only:

E(Z)=(1-2p)Z, (4.10)

where p = pg + p1 is the total bit-flip probability.
For @ qubits, the expectation value of the tensor product Z1 ® Zo ® - - - ® Zg under independent
bit-flip errors on each qubit can be written as:

Q
E<21®Z2®---®ZQ) =[[0-20) 210 22 ® Zg. (4.11)
qg=1
This expression uses the fact that each qubit’s measurement error contributes independently to the
overall expectation value [65].
For our case there are three qubits in use for the shell pairing model, where we measure the
operator Z1 ® Zs ® Z3, the expectation of the noisy measurement F (Zl ® Zo® 23) can be expanded

as:
E (21 ® 7 ® 23) — (1= 2p1)(1 — 2p2)(1 — 2p3) 21 ® Zo & Zs. (4.12)
To better understand the correction factor, we expand the product (1 —2p1)(1 — 2p2)(1 — 2p3)

as follows:

(1 —2p1)(1 —2p2)(1 —2p3) =1 —2(p1 + p2 + p3) + 4(p1p2 + p2ps + p1p3) — 8pipeps.  (4.13)

This expression represents the total correction factor for the three-qubit measurement, account-
ing for all possible combinations of single, double, and triple-bit flips. In the special case where we
can assume each qubit has the same bit-flip probability p (i.e., p = p1 = p2 = p3), the correction
factor simplifies significantly. Substituting p; = ps = p3 = p into the expression, we get:

(1—2p)® =1 —2(3p) +4(3p*) — 8p® (4.14)
=1—6p+12p* —8p® (4.15)

We can neglect the cubic term 8p3 in the recent near-term quantum devices since the value
tends to zero. Thus, the correction factor when all qubits have the same bit-flip probability p is:

flp)=12p" —6p+1 (4.16)

Therefore, the corrected expectation value for the noisy measurement of Z; ® Z; ® Z3 is given
by:
F (Zl X Zg [ Zg) = f(p) . Zl (9 Z2 () Zg, (417)
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where
f(p) =12p*> —6p+1 (4.18)

This correction factor f(p) can be applied to the raw measurement outcomes to mitigate the
effect of measurement errors, yielding a more accurate estimate of the actual expectation value.
With the expression above, we can design our mitigation by cancelling these factors.

So the noisy expectation value Fp,cqsureq could be represented when the p is not large:

Ereasured = Ef(p) = E(12p2 —6p+ 1) (419)

4.2.2 Error Mitigation Approaches

Consider a general adding form, the error mitigation approach assumes that the measured expec-
tation value, ExXineasured, can be decomposed into the true expectation value, Ex;ea, and an error
term, P(Exyea1). This assumption is formalized as:

Emeasured = Ereal + P(Ereal) (420)

The correction term, P(FE), is hypothesized to have specific properties:
1. P(F) should be nearly zero when F is near zero, where only quantum fluctuations occur.

2. P(FE) should reach its maximum absolute magnitude near z = £1, which corresponds to the
extreme values of E cq.

Given these considerations, the form of P(E) is proposed to be quadratic:
P(E) = aE*> 4+ bE +¢, where E € [—1,1] (4.21)

Here, a, b, and c are parameters to be determined based on the noise characteristics in the
quantum device.

If the error term P(Eie,) is assumed to be small, the corrected expectation value can be
approximated by subtracting the error from the measured value:

Ecorrected ~ Emeasured - P(Emeasured) (422)

This approximation provides a more accurate estimation of the actual expectation value by ac-
counting for noise-induced errors. So, in the following steps we need to finish getting the coefficients
for the parameters in quadratic form.

4.2.3 Perturbation Theory for the Hamiltonian with Noise

However, we need to clarify something before we get any coefficients in the correction factor; the
quadratic factor correction is not unique to the measurement process; it will also be involved in the
perturbation theory of qubit Hamiltonian.
Like basic time-independent perturbation theory, the total noisy Hamiltonian of the system can
be expressed as:
H=Hy+\V (4.23)

where Hj is the noiseless Hamiltonian, A is a small parameter representing the noise strength,
and V is the perturbative noise operator. The noisy energy expectation value can be expanded up
to the second order in A, neglecting higher-order terms:

2
E(X) ~ Eg + Asbo| Vo) = A I %“ﬂ%}o’ (4.24)
n#0
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Here, Ey represents the ground state energy of the noiseless Hamiltonian, and [i¢y) is the
corresponding ground state wavefunction. The difference between the noisy and noiseless energies,
AFE, can be expressed as:

AE = E(X) — Eg & Mabo|V[go) — A2y - S22 [(@nlVIo)* (4.25)
E, — Ey
n#0
This energy difference can be approximated as a quadratic function of Fy:
AE=a-E5+b-Ey+c (4.26)

Where a, b, and ¢ are the coefficients that relate to the noise characteristics in the quantum
system. It gives the same form in quadratic as Eq.4.19.

According to the statistic result, we collect the data points in Tab.4.4 to fit the curve.

E data | P(E) data
-0.480585 | -0.011394
-0.26202 0
-0.096502 | 0.016229

Table 4.4: Data points used for quadratic curve fitting with 8192 shots, the physical meaning of
the coefficients corresponding to all types of quadratic corrections.

Due to all the data points here being less than zero, which is restricted by our operators’
mapping, we guess a symmetric noise influences the expectation value. So, the data points for
values larger than zero should be with a minus sign; the curve will look like doing a 7 rotation from
the origin.
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Quadratic Fit and Rotation Symmetric Curve
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Figure 4.10: Quadratic fit and rotation symmetric curve used for result correction. The plot
displays the original function P(x) with distinct segments for x < 0 (solid blue line) and = > 0
(dashed blue line). The rotation symmetric version of P(x) is due to the unbiased assumption on
noise, with solid green for x < 0 and dashed green for x > 0. Red dots represent the data points
used in the fitting process.

To ensure the reliability and accuracy of experimental measurements, it is essential to fit
quadratic curves to datasets obtained from varying measurement configurations. This process
helps evaluate the impact of noise and statistical fluctuations, particularly as the number of shots
(Nshots) decreases. Fewer shots lead to greater susceptibility to noise, making it critical to under-
stand the minimum Ngpts Tequired for reliable outcomes. The quadratic model can be validated
by observing the consistency of the fitted parameters a, b, and c across different datasets.

Additionally, the intersection of the fitted curve with the x-axis, or the ”zero” point, provides
insight into the calibration of the measurement system. Consistent positioning of this point across
varying Ngphots indicates robust calibration. Moreover, this approach allows for the optimization
of experimental resources by identifying the optimal Ng,ots that balances accuracy and resource
usage. Finally, fitting the model to multiple configurations facilitates error analysis and uncertainty
quantification, ensuring that the confidence intervals of the fitted parameters are well understood,
thereby enhancing the reliability of the experimental conclusions. The results of this analysis are
illustrated in Fig. 4.11, which shows the quadratic fits for different shot configurations along with
their corresponding data points.
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Quadratic Fits for Different Datasets
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—— Fit for 2048 shots, P(x) = 0.13x"2 + 0.18x + 0.04
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Figure 4.11: The plot illustrates the quadratic fits for datasets with different numbers of shots:
10,000 (gray), 8,192 (red), 4,096 (blue), 2,048 (black), and 1,024 (green). Each fit corresponds to
a quadratic expression ax? + bx + ¢ with the coefficients displayed in the legend. Data points for
each configuration are marked in different colours to indicate their corresponding datasets. The
"Zero” point on the curve highlights where P(x) crosses the x-axis, reflecting the calibration of the
measurement process. This comparison allows evaluation of how the number of shots affects the
fit accuracy and stability of the quadratic model.

Refer to the figure above. The slope will gradually decrease and tend to. The correction
amplitude may change when we vary the parameters for different energy expectation values, but
the zero points will always be fixed. The physical explanation for the phenomenon near the zero
point is that the probabilities on either side of the zero are often similar (positive and negative
values tend to have comparable probabilities), so noise and statistical fluctuations tend to average
out more effectively in this region. This contributes to the stability of the zero point.

4.2.4 Benchmarking and Cost Comparison

Benchmarking the quadratic mitigation technique is an essential step in rigorously evaluating its
efficacy in minimizing noise and enhancing the precision of experimental outcomes. This process
involves a detailed analysis of the method’s performance across datasets with varying shot counts,
focusing on critical parameters such as the stability of the fitted coefficients a, b, and ¢, as well
as the consistency of the ”zero” point calibration. By systematically comparing these metrics, we
aim to comprehensively understand the technique’s capacity to correct systematic errors and its
robustness under different experimental conditions. The benchmarking results serve as a foundation
for further refinement of the mitigation strategy, paving the way for future advancements that may
include the integration of more sophisticated noise reduction algorithms or adaptive optimization
frameworks.
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Benchmark for the energy difference
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Figure 4.12: Benchmarking the impact of error mitigation strategies on the VQE results. The plot
compares the relative error in energy differences across various configurations, representing different
shot numbers (8192, 4096, and 1024) with baseline, mitigated, and mitigated with additional
filtering. The figure demonstrates the effectiveness of error mitigation and filtering techniques in
reducing the relative error of VQE results, highlighting their potential to enhance the accuracy
of quantum computations on NISQ devices. Lower relative errors correspond to improved VQE
performance.

Figure 4.12 presents a comparative analysis of error mitigation strategies on the accuracy of
energy difference calculations in VQE experiments. The configurations shown vary by the number
of shots (8192, 4096, and 1024), with each shot count evaluated in three modes: baseline (no
mitigation), mitigated, and mitigated with additional filtering. The relative error percentages are
plotted to indicate how close each configuration’s results are to the ideal calculation.

The data clearly shows that applying error mitigation techniques drastically reduces the relative
error across all configurations. For instance, the baseline configuration without mitigation at 8192
shots as the baseline, while the mitigated version reduces this error to 31.2%, and further, the
addition of filtering brings it down to 15.6%. Similarly, for configurations with lower shot counts,
such as 4096 and 1024, the error remains high in the baseline mode but drops substantially with
mitigation and filtering.

This outcome underscores the importance of both error mitigation and filtering in achieving
accurate quantum computations, especially in noisy environments characteristic of current NISQ
devices. Error mitigation reduces the inaccuracies introduced by device noise, and additional
filtering further refines the results by removing residual noise. This is particularly significant for
lower shot counts, where fewer measurements typically result in higher statistical uncertainty. Thus,
error mitigation and filtering make it feasible to achieve higher accuracy even with limited resources,
such as fewer shots, demonstrating their effectiveness and necessity for enhancing the reliability of
VQE and other quantum algorithms on today’s quantum hardware.
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Figure 4.13: Relative Energy Difference (%) of Various Error Mitigation Techniques Compared
to Unmitigated Baseline with 8192 shots in IBM quantum device. Our custom Measurement
Mitigation demonstrates the lowest relative energy difference at 4.62%, while PEC shows the highest
increase at 115.53% relative to the noisy baseline.

Figure 4.13 presents a comparative analysis of various error mitigation techniques, including
Qiskit’s built-in methods, by evaluating the relative energy difference on an IBM quantum device
using 8192 shots. The unmitigated baseline is set at 100% as a reference point. Among Qiskit
methods, zero-noise extrapolation achieves a notable reduction to 17.59%, demonstrating its effec-
tiveness in diminishing noise-related errors. Other Qiskit techniques, such as dynamical decoupling
and gate twirling, hover close to the baseline, indicating only modest improvement in accuracy.

Our custom measurement mitigation method drastically reduces relative energy difference to
just 0.44%, surpassing all Qiskit approaches in efficacy. This substantial improvement suggests
that our method is more tailored to suppress measurement-induced noise, likely offering a more
precise calibration to the specific device characteristics compared to generalized Qiskit methods.
Interestingly, PEC shows an increase to 115.53%, possibly due to additional sampling noise, which
may exacerbate error rates in NISQ environments. This comparison underscores the potential of
custom-tailored mitigation techniques in optimizing quantum computation accuracy, particularly
when benchmarked against standard library-based methods.

The analysis in Figure 4.14 provides a detailed comparison of various error mitigation tech-
niques, showing their effectiveness in reducing relative energy difference and their associated run-
time costs. The unmitigated baseline, serving as the reference, has a short runtime of 12 seconds,
indicating that without mitigation, computations are both rapid and highly noisy.
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Figure 4.14: This figure presents a comparative analysis of error mitigation techniques applied to
the VQE algorithm, showing the relative energy difference as a percentage of the unmitigated base-
line and the runtime for each method. Notable observations include the effectiveness of QISKIT
Measurement Mitigation, which achieves a substantial error reduction to 17.6% with minimal run-
time increase, suggesting that measurement error correction alone can provide meaningful accuracy
improvements with low computational cost. More advanced methods like Dynamical Decoupling
and ZNE with measurement mitigation yield further error reductions (to around 7% and 21%,
respectively), but with increased runtime, indicating a trade-off between accuracy and computa-
tional demand. Custom Measurement Mitigation demonstrates the lowest relative energy difference
(0.44%) at a moderate runtime, highlighting the potential of tailored mitigation strategies to deliver
high accuracy efficiently. Meanwhile, the Full QISKIT Mitigation approach shows diminishing re-
turns, offering limited accuracy gains (93.1%) compared to the unmitigated baseline but at a higher
computational cost, suggesting that selective use of mitigation techniques may be more effective.
Overall, these results underscore the importance of balancing accuracy and computational efficiency
when selecting error mitigation strategies for NISQ devices.

FEach mitigation technique or combination applied yields varying improvements in accuracy but
at different runtime costs. For instance, Qiskit’s measurement mitigation, which reduces the error
to 17.59%, has a moderate runtime increase to 15 seconds, demonstrating a balanced improvement
in accuracy with minimal time overhead. The combination of ZNE and measurement mitigation,
achieving 83.58% relative energy difference, takes 37 seconds, suggesting that ZNE adds significant
time without proportional accuracy gains in this context. That means that compared to the
PEC, our mitigation can lower the time cost by ten times with 250 times precisely the output
simultaneously.

When combined with measurement mitigation, PEC produces a relative error of 73.89% and
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takes only 15 seconds, but its error reduction is less effective than other methods. Dynamical
decoupling combined with gate twirling shows improved accuracy (29.45%) with a modest runtime
increase to 16 seconds, highlighting its efficiency for certain quantum noise types.

The most effective approach, as observed, is our custom measurement mitigation, which achieves
an extremely low relative error of 0.44% within 36 seconds, showing a clear advantage over other
methods in balancing accuracy and time. Another noteworthy setup is the full suite of Qiskit
mitigation techniques, which reduces the error to 0.05% but with a significant runtime increase to
333 seconds, indicating that while highly accurate, it is not time-efficient.

In summary, our custom measurement mitigation stands out for achieving near-optimal accu-
racy with relatively low runtime, making it a practical solution for high-precision quantum com-
putations. Other methods, such as full Qiskit mitigation, are highly accurate but less feasible for
time-sensitive applications, emphasizing the importance of selecting mitigation strategies based on
specific performance and time constraints.

4.3 Future Works

For future work, there is a need to investigate the underlying causes of the limited performance
observed with PEC in our benchmarks. While PEC is theoretically powerful, our results indicate
it provides less accuracy improvement than other methods and, in some cases, even increases the
relative energy difference. This discrepancy suggests that certain practical factors, such as noise
model mismatch, additional sampling overhead, or the compounding effects of device-specific noise,
may reduce PEC’s effectiveness on our current hardware. We aim to explore these factors in depth,
conducting targeted experiments to isolate which aspects of PEC implementation are responsible
for this performance gap. Additionally, we will explore optimized combinations of error mitigation
techniques tailored to specific noise profiles, allowing for a more nuanced and efficient approach to
reducing errors.

Another approach to reducing the energy difference involves transforming the observable to
bring its expectation value closer to zero, minimizing the gap between noisy and noiseless results.
This transformation adjusts the observable in a way that reduces the impact of noise on the mea-
surement, allowing for a more accurate estimation of the true value by effectively aligning the
expectation closer to the zero point, where the difference is minimized.

To formalize this approach, we define the transformation U as follows:

O'=U0 (4.27)

The expectation value of O’ in the noisy state then becomes:

<O/>noisy = <U0>ideal - <U0>noisy =0 (4.28)

where (O)noisy is the expectation value of O measured in the noisy environment. The relative
energy difference is thereby reduced, as the measurement error induced by noise is now expressed
as a small offset around zero, enhancing the accuracy of the quantum computation.

These strategies and relationships can be validated using the Lipkin model, which was simu-
lated in the previous work and involves only one variational parameter. Achieving this validation
suggests that our method could become a more versatile and widely applicable approach for future
calculations and deployments.
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Results




Conclusion

Using the Nuclear Shell Pairing Model as a test model, this study investigates the intricate re-
lationship between gate fidelity, the number of variational parameters in ansatz configurations,
quantum volume, and the accuracy of energy estimation in quantum simulations. By developing a
noise model tailored to IBMQ Heron and Eagle devices—characterized by distinct quantum gate
sets and quantum volumes—we examined how device characteristics and ansatz configurations
influence energy estimation accuracy in the VQE algorithm.

A key finding of our research is the linear correlation between energy estimation error and
the number of gates, rather than the number of variational parameters, across different ansatz
configurations. Specifically, for our custom-designed effective ansatz, the gate count scales linearly
with the addition of parameters, offering a significant advantage over traditional ansatz choices
like EfficientSU(2). This efficient scaling enabled our ansatz to achieve a relative error of le-3 to
le-4 on Eagle r3 devices for IBMQ Brisbane, surpassing the performance of conventional ansatz
approaches on comparable quantum volumes.

In addition to analyzing gate fidelity, we explored how the number of parameters in the ansatz
influences the convergence of energy estimates. Our findings reveal that while increasing parameters
can improve the expressiveness of the ansatz, it also escalates gate requirements, which, in turn,
impacts the cumulative error due to imperfect gate fidelity. This highlights a balance between
ansatz complexity and hardware limitations, suggesting that optimizing the number of parameters
is crucial for accurate and efficient simulations on NISQ devices.

We further investigated how quantum volume a metric of a device’s effective capability for
complex quantum computations—interacts with error mitigation strategies to enhance VQE per-
formance. By creating the corresponding noise model to the quantum volumes of IBMQ devices
in different generations, we accounted for device-specific error rates, enabling a more realistic eval-
uation of energy estimation. Our custom error mitigation techniques for quadratic corrections,
designed to address gate and measurement errors, effectively reduced discrepancies between the
estimated and actual ground state energy. These mitigation strategies allowed us to lower the
impact of gate fidelity and readout process more precisely up to 250z referring to the unmitigated
result, isolating noise’s effects and improving our energy estimates’ reliability to reduce the usage
of other heavy mitigation strategies like PEC and Pauli gate twirling, so the total time cost can be
saved up to 10x on QPU that means ten times cheaper than before.
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Overall, our work underscores the importance of integrating device-specific error models, param-
eter optimization in the ansatz, and tailored error mitigation techniques to advance the accuracy of
quantum simulations in the NISQ era. This research contributes to the foundational understand-
ing needed to develop scalable and reliable quantum algorithms for realistic applications in nuclear
physics, not only for the nuclear pairing model but also for others beyond, paving the way for more
sophisticated quantum computations as hardware continues to evolve.
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A.1 Introduction to the Theoretical Background

Effective Field Theory (EFT) provides a powerful framework for describing interactions at low
energies, particularly for non-relativistic scattering processes, which align with the assumptions
outlined earlier [5, 9]. By employing EFT, we can systematically include higher-order terms,
thereby accommodating a variety of interaction operators. In the non-relativistic energy regime,
interactions are typically expressed in terms of four-fermion operators. The use of EFT allows us
to reduce the complexity of the DM-nucleon interaction by simplifying the two-body problem into
an effective one-body problem with the reduced mass uy = TZ;XJF%VN, where m,, is the mass of the
dark matter particle and my is the mass of the nucleon.

Before delving into EFT-based calculations, it is beneficial to first evaluate a simple relativistic
case. This will highlight the advantages of EFT and illustrate its purpose in addressing low-energy
interactions.

A.1.1 Relativistic Calculations of Dark Matter-Nucleon Scattering

We begin by considering the relativistic form of the interaction without using Effective Field Theory
(EFT). EFT is advantageous because it allows us to describe scattering processes using general
symmetry considerations without needing to specify the exact form of the interaction potential.
The symmetries of the scattering cross-section are reflected in several conserved quantities:

e Spherical symmetry of the potential ensures angular momentum conservation.
e Parity symmetry guarantees that the physics remains invariant under spatial reflection.
e Translational symmetry ensures the conservation of total four-momentum.

e Low-energy behavior (low momentum transfer limit) indicates that the cross-section pri-
marily depends on these symmetries rather than the specific details of the interaction poten-
tial.

In relativistic dynamics, the relationship between energy E and momentum p' is encapsulated
by the well-known expression:
E? = 2+ m?ct, (A.1)
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where m is the rest mass of the particle and p is the three-momentum. In the relativistic
framework, it is more convenient to use the four-momentum p* = (E/¢,p). The four-momentum
transfer in a scattering process is given by:

¢ =p; — (A.2)

where p!" and p’; are the initial and final four-momenta of the particle. The invariant magnitude
of the four-momentum transfer is:

¢ = (pi — pp)* = (B — Ep)* — (§; — py)*. (A.3)

For a scattering process involving a point-like dark matter particle of mass m, the momentum
transfer ¢# will play a central role. In this analysis, we are interested in the differential cross-
section and the event transition rate, both of which can be computed using Fermi’s Golden Rule.
The transition rate is determined by the matrix element of the interaction potential.

Assuming the internal structure of the nucleus remains unchanged, we have ¢;(R) = ¢f(ﬁ).
The initial wavefunction is given by:

Vi = exp <;ﬁl : F> oi(R), (A.4)

where pj is the three-momentum of the incident particle.

Figure A.1: A diagram illustrating the DM-nucleus scattering process, with momentum transfer
q= ]71) - p_} In this case, only low momentum transfer occurs, with no internal interaction or
excitation, so all particles are treated as point-like.

As shown in Fig. A.1, the matrix element for the scattering process is given by:

Vi) = / G5V (i) . (A.5)

In this calculation, two distinct forms of the particle-nucleus interaction will be evaluated:

(A.6)

For V1, the matrix element according to Eq. A.5 is:

(fIVi]i) = Cy /q/];z exp <— Ir ;R‘> vid3r, (A7)
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which expands as:
o1 [ 5\ r — R| - 3\ 73
(fIVh]i)y = Ch exp | pf 7 ¢r(R)) exp| — 7 exp | Pl 7 oi(R)d’r. (A.8)
This integral can be simplified to:

i A\ r—R 1 R
C1 /exp <hp_f> . 7“> exp (—‘ y ‘) exp <hﬁ . r) dr. (A.9)

The dependence on R factors out due to the property d)j(ﬁ) 1(1%) = 1, and we set the nucleus
position to R = 0. The matrix element then becomes:

NI 1 R r—R
Wik = s fexp (3= 59) ) exo (<5 ) (A.10)
Further simplifying using spherical coordinates, we have:
R 00 ™ 2 i N
12) = Ch exp | =qrcosf |exp | —— ) r“sin T, .
fIvi C 7r cos 0 2 5in 0dgdod A1l
o Jo Jo h d

where ¢ = P} —p_} and ¢ = (p; —pf)2 = 2p?(1—cosf). The volume element is d*r = r? sin Odrdfde.
Solving the integral, we obtain the following scattering amplitude:

qar

e 3
r>r281n(ﬁ) B 47 Cd

(f|Vili) = 47701/0 eXp (_* % r= (q2d2 + h2)2'

- (A.12)

For the Gaussian potential V3, the matrix element is given by:

i 7 — R)?
(AWl = Cs [exw (G 7 = 7)) exo <—<2df’> &, (A.13)

Using the same method as before, the integral in spherical coordinates becomes:

0 T 2T . 2
(f[Vali) = Cs / / / exp (;qr cos 9> exp (—;Cp> r2 sin Odedodr, (A.14)
0 0 0

which simplifies to:
. 47T3/202d3 q2d2
(F10ali) = T2 e (—W ) . (A.15)

Now, applying Fermi’s Golden Rule (FGR) to get the scattering amplitude, we compute the
differential cross-section as a simple 2-to-2 phase space Feynman diagram in the centre of mass
frame with the integral all over the phase by the Lippmann-Schwinger equation Il pg.

1
4B\ Ey |0, — UN]|

The differential cross-sections for the exponential and Gaussian potentials are proportional to
the square of the matrix element:

do M |*dITyipg (A.16)

1
(¢?d? + 12)"

doq

9 o fesvali| = (A.17)

doa S 2_ q2d2
9% e [(11%ali)|” = exp <—h2 (A18)
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Within the low momentum transfer limit (q2d2 < h2), the differential cross-section can be
expanded by letting the denominator be a series in a binomial expansion:

2 12\ 4 2 12 2 12\ 2
q°d N q“d q“d
2 12 2 12 2 72\ 2
q-d q°d q°d

By setting the and considering the rest as the constant, both the two potentials with exponential
and Gaussian forms will approximately have the equivalent cross-section.

2 72 2 12
% o const <1 - 4qhg> ,% x const <1 - qﬁg) (A.21)

So in the low-energy limit, both the exponential and Gaussian potentials yield scattering nearly
constant cross-sections, with small corrections that depend on ¢?. This shows that in this limit,
the exact form of the potential becomes irrelevant, and both potentials yield equivalent behaviour,
which justifies the use of EFT, where symmetry and low-energy behaviour are more important than
the specific form of the interaction.

A.1.2 Introduction to Effective Field Theory for Dark Matter Interactions

As demonstrated in the previous section, it is now evident that the calculation is no longer depen-
dent on the wave function of the nucleus ground state but rather on the charge distribution, also
known as the form factor [66].

In the framework of Effective Field Theory (EFT) [5, 9, 67], the interactions are treated system-
atically through an expansion in terms of the momentum transfer and relative velocity of the dark
matter (DM) particle. The relative velocity between the incoming DM particle and the nucleon, in
the nucleon rest frame, with the incoming kinetic energy Fipnitial = %u ~v2 and momentum transfer
¢ = Pfinal — Pinitial, 1S given by:

. . . q
U= Uyin — UNjn, 00 = —— (A.22)
uN

In the non-relativistic limit, the outgoing energy is described by:

1 7\
Eout = QHN <U + q> (A23)
uN

Applying energy conservation to the scattering process, we have the following conditions:

Ein == out (A24)
2
N q
vV-=—— A .25
7= =9 (A.25)

This ensures that the total energy remains conserved during the interaction. The advantage
of using EFT is that it simplifies the treatment of low-energy scattering processes by capturing
the relevant physics through effective operators, which can be systematically derived based on
symmetries and scales relevant to the problem. For the momentum operator, it ideally follows the
relation below.



A.1 Introduction to the Theoretical Background 57

Pt = (—ihV)t = ik (VT ) = ih(~V) = —ihV = p (A.26)

9z’ Jy’ 0z
in the non-relativistic EFT form, the kinetic action with the property ¢ = ¢~ + ¢+, N = N~ + N+
for DM ¢ and Nuclei N are

The Vi = -V, V% = (VQ)T comes out from the derivation as a scalar function V = ( o 0 0 ),

o d3p 1 ipy N — d3p 1 ip-

¢~ (y) =/<27T>3 \/me PYay, ¢ (v) :/(QTF)S Mepyap (A.27)
o [ PR e [ PR 1y

N (y):/(27r)3 \/Me Ya,, N (y):/(%_)3 2mNe Yay, (A.28)

Where y is the space variable in 3D, the relation shows the crossing symmetry (gf)_)T =¢t, (N _)Jr =NT,
corresponding to Hermitian conjugation exchanges incoming for outgoing particles. In effective the-
ory the kinetic part of the action in non-relativistic form will be

o 2
Lian = 250" () (157 = 5 ) 070) (A29)
The Hermitian conjugate of the temporal derivative is given by
oy O f Nt (ot oyt (9 f o O
0 (y) 50" W) | =@ (W) | 5,9 W) ) =—io"(¥)56" () (A.30)
The spatial term Hermitian conjugate is
V2 N oW . v o
(—mwyw <y>) = g, @) (W) = gm0 Wt (A

Combining those two terms, we could find ELD
o V2 f o V2
+ OV - _ - Y V)4
<2m¢¢ () (Z py 2%) ¢ (y)) 2mg¢~ (y) ( i > ¢ (y) (A.32)

= —2m¢¢+(y) (Zat + > ¢_(y) (A'33)

According to Eq.A.33, it shows the crossing symmetry for the effective field theory; the order
will be changed since there’s a hermitian conjugate applied to Eq.A.29. To keep all the DM-Nuclei
interaction operators as Hermitian, we have to rewrite the form of velocity we used to satisfy
¥+ - @ =0, so the modified perpendicular velocity with Hermiticity is

17J_

7+ (A.34)

s
2uN

The perpendicular velocity will be examined for Hermitian operators A and B. Tt keeps the
linearity property: (A — B)t = At — BT,

N N
Y S _ q A.35
L <U+2MN> +<2MN> (4.35)

We can expand the expression from the definition of ¢ = p’ — p; here, we unify the index by
using in and out.
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PN
771 = (Tyin — Un,m) | + (W) (A.36)
7 5 f
- _, v My — Uy inM
G (St wam
. . Uy inMy — Uy, outM
= (Uyout = UN,out) + ( B quNX o X> (A.38)

—

Since the 7 > Uy,out — UN,out = U + #LN, we can get it by cancelling the minus sign in the second
term.

N G T o
N g .. 4 .

— v + — —— = + _— = A4O

( uw) 2uN 2un ( )

Under the crossing symmetry it is truly that 171 = ¥, but the operator ¢ is not hermitian as

shown in Eq.A.38, so we have to construct a hermitian operator as i¢, which can be proved as

(i)' = (=) (@' (A.41)
(=) (Pout — Pin)T = (=1) (Ty,outmy — Tyinmy)T (A.42)
= (_i)(ﬁx,inmx - 17x70utmx) = i(ﬁx,outmx - ﬁx,inmx) =1q (A.43)

Now we have the Hermitian physical variables for i, 7, gx’ Sy in use with crossing symmetry.
Note that the expression for the spin operator S such spin—% particle with Pauli matrix o (also

Hermitian) is
01 0 —i 1 0
UI—<1 0>Uy_(i 0>02—<0 _1) (A.44)

Where the spin operators hold the hermitian property

f
St = <Zo—> = ga—T = g& =5 (A.45)

Where § = %0’}, and the index i from 1—3 for x,y,z dimension. Since the non-relativistic theory
has to satisfy Lorentz invariance, it must have time reverse symmetry T [68, 69]. Spins for nucleons
and DM particles also follow T symmetry due to the angular momentum behaviour 7" : w — —w.
It will be the opposite sign when the spin flips under T. Velocity and momentum also have the
same feature: 7' : O — —0O.

The constraints of CP violation should be taken care of here. Even though the physical proper-
ties above will not change the sign in P symmetry, we will also use the even and odd to distinguish
the operators. Here is a transformation table for them: 41 means the sign will not change, and
—1 for a sign will change. Finally, we can learn the operators’ signs by multiplying the terms [5].
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Hermitian T P
S +1 -1 +1
iq +1 +1 -1
ot +1 -1 -1

Considering different scattering

configurations, the categories can distinguish the two-body

interaction operator. Some operators will depend on spin, others will be spin-independent, and
some will depend on spin-spin or spin-orbital interaction. The total sets of operators can be

expressed and shown in Tab.A.1.

Operator ‘ Expression

Scalar and Velocity-Squared Operators

0 Iy
2
0o (vl)
03 igN . (#’N X ’(_)d‘)
Spin-Spin Operators
Oy Sn -5,
05 |iS (L x )
o | (55) (50
Spin-Velocity Operators
O; | Sy-vt
Spin-Velocity Cross Product Operators
Og S, - ot
Og i§X . <§N X mqu>
Momentum-Spin Operators
O1o ISN +
On Sy - mi
Complex Spin-Orbit Operators
012 gx . (gN X UJ‘
O | i (S o) (S 5L
Ou  |i(Sc5L) (Sw-7t
o0 |6, ) [(5vw)

Table A.1: List of effective field theory operators for dark matter direct detection. Here, gx is
the WIMP spin, Sy is the nucleon spin, ¢ is the momentum transfer, and ¢ is the perpendicular
component of the relative incoming velocity. Operators are categorized based on their spin, mo-
mentum, and velocity dependence [9].

So the total interaction Hamiltonian that sums all of the possible interaction operators for
nucleons with the corresponding coupling coefficients ¢} can be expressed as [9]

15
H=> > cor (A.46)

=N 1=1

So the DM response function R** can be expressed as
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g

Then we need to determine the matrix element for the transition rate in order to obtain the
nuclear (target) response function, which can be represented as (f | X jp|i). The FGR can be used
to describe the scattering probability for a system with a perturbation H’ acting on the Hamiltonian
H mentioned above.

15 2
Y qor (A.47)

=N i=1

Do = 2 |(F B 0 () (A.48)

Where p (Ey) is the density of states, I';_, is the transition rate between the initial and final
state. With the definition above, the state |¥;) is often the ground state of the nucleus, and [W¥¢)
can be an excited state or the ground state (in the case of elastic scattering, since the energy
transfer will not excite the nuclear, that’s the case our project aiming to).

The Wigner-Eckart theorem states that the matrix element of a tensor operator can be separated
into a reduced matrix element and a Clebsch-Gordan coefficient as shown in Eq.A.49. This means
that the complex total expression can be broken down into the sum of product terms [70]. The
matrix elements are scalars that depend only on the quantum numbers of the states. The nuclear
response operators X7 are effectively shown in Tab.A.2, where Jp is the angular momentum rank
of the operator.

[ o) = (g |lxs, || w) (x5,

( v f> (A.49)

Types of X jr | Expression of Nuclear Response Operators
My My () = jy(qr)Yom ()
Ajm M - %ﬁ
S ~i {1V x My} -
S WM} - &
' %§XMJM)-(EX%§)+%MJM o
o, i (LM - (7% 1Y)

Table A.2: Table of symbols and their corresponding expressions. The M j;; term in the equation
refers to a nuclear response function that describes the charge or scalar response of the nucleus
in interactions with dark matter. Specifically, M js represents the multipole operator associated
with the charge operator in the nuclear medium. It is constructed from Bessel spherical harmonics
and is defined as:Mjp (%) = jy(qx)Yya (), where jj(gx) is a spherical Bessel function, and
Y (€2,) is a spherical harmonic that depends on the angles €.

The general form of Spherical Harmonics Y;; and Spherical Bessel Functions j; are

Va6, 6) = (—1)M\/ (2‘]4: D g - %;PJM (cos B)¢ M (A.50)

istan) = (o)’ (L )J &= (A51)

qz d(qz) qx
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Where the Pj\/l is the Legendre polynomials in quantum mechanics. With the convention of
matrix element given above, the nuclear response function is defined by

W =3 (w15, v (s

T

m/
X7,

v f> (A.52)

W;?z/ provides a measure of the response function of the nucleus to different types of dark

matter-induced interactions. Where a,b denotes the single-particle orbitals, and the target one

body density matrices p?(a, b) can be given out by changing the basis to a,b as shown in Ref.[9]

in order to represent the operators with orbital index with a normalising constant.
(Wl X5, 11%i) = > (al X5, 16) £ (a, D) (A.53)
a,b

Note that the density matrix usually has the form of p = [¢) (|, but here we will expand the
wavefunction with orthonormal basis with a,b as [¢)) = )" |a) (a| [¢), so the density matrix will be
represented by

p= (ZI@ (al |¢>> <Z (¥[b) <bl> =Y (al ) (@] [b) |a) (b (A.54)
a b

a,b

So the density matrix with |¥; ¢) will in the form of p; = [¥;) (¥;|, pr=|Vy) (¥y|, which
have the matrix element

pia,b) = (a| Vi) (Wi [b), psla,b) = {a|Vy) (Vs |b) (A.55)

phi(a,b) = (a| Wp) (¥, | b) (A.56)

Then it could be inserted as the matrix element from the Eq.A.53 with the reduced matrix
element <a HX Iy ’ b> through the Wigner-Eckart theorem [9].

(Wi || X5, Wiy =D (al|X5,[[b) (a | W) (Wi | b) (A.57)
a,b

Here we introduce &), and ¢y are the fermion creation for state |a) and annihilation operators for
b) that coupled to a total angular momentum Jr , and recover the basis by (a | Uy) and (¥; | b)
through Eq.A.56

(et = (ol (1 ol [ 0] 1) 1) 1o (A58)
Pl (a,b) = \/Z];ﬁ@f [ég®ab] . \I!> (A.59)

The factor /2Jp + 1 arises from the sum of all the magnetic quantum numbers of a spherical
tensor operator. It accounts for the fact that a reduced matrix element is normalized over 2Jp + 1
magnetic substates. The potential energy interval for WIMP is around 10 — 1000 GeV, the target
nuclei for Xenon detector(Xenon isotopes) have masses around 130 atomic mass units that are
equivalent to 121 GeV, only approximate 100 keV will transfer to the nucleus. So the initial and
final states we expected are all in the ground state transitions |¥;) = |¥¢). Note that these will still
affect the surface charge density, so that’s why we could design to detect it [71, 72]. Mathematically

the creation operator éh in matrix form, all the non-zero elements will be above the diagonal index:
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0 0

V2o 0 .-

0 V3 .- (A.60)
0 o -

o O O O
o O O =

The annihilation operator ¢, in matrix form:

(A.61)

o O O O

For the detection theory part, we care about the cross-section and event rate. Integrating
the nuclear response functions and transition probabilities can compute the cross section for dark
matter-nucleus scattering. Derive the differential event rates, which describe the number of scat-
tering events as a function of recoil energy [9]. With the dark matter flux ®, = n,v, and scattering
rate for a single nucleus Rgingle = ®y0(v), the differential scattering cross-section can be expressed
as

dRsingle — & do

- g (A.62)

chEUT is the differential scattering rate, and for the number of target nuclei R, the total rate for

a detector containing Np target nuclei are

dR do ur
= — B, = —v*(1— A.
o o v°(1 — cos ) (A.63)

To account for all possible velocities, we integrate over the velocity distribution by DM particles.

dR do 13
iB, NTnx/dErvf(v)d v (A.64)

Converting the expression into the standard mass basis and truncating the velocity v < vmn

dR _ py Ny / do .
= Px T d A.65
B, ~ mymy Jooy g, /@Y (A.65)

The detectors’ efficiencies € (F,) depend on the recoil energy FE,. We introduce the detector
efficiency, so the final expression for the differential event rate is:

dN do -

=c(E)N — f(0)|0]d*T Al

== ) Ny [ F@liets (A.66)
Where the € (E;) is the detector efficiency, Ny is the total number of target nuclei inside the

detector. And the distribution of simple halo model f(7) with vy = 220 km/s from the paper [71]

is defined by

— O (Vesc — |V]) —2 /2
F(7) = TN e~ U /v (A.67)
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Where the galactic escape velocity will cut-off at vese = 550 km/s. Since ¢ = 2mpE7, the
DM-nucleus interaction for a particular isotope differential cross-section with target mass mp can
be expressed as

do  2mr
dE,  4mv?

Then, the DM-Nuclei interaction can be effectively treated as a two-body scattering problem.
The total unpolarized differential cross-section can be evaluated by summing over the Mandelstam
variables s, t, and u channels, with the scattering amplitude M:

T(v,q) (A.68)

drR  pymr do (A.69)

dERp pamy dcos 6

where R represents the event rate, p, is the local dark matter density, my is the target mass,
ur is the reduced mass of the dark matter and nucleus system, and v is the relative velocity of the
dark matter particle.

The differential cross-section is expressed as:

(A.70)

do 1 1 > 1 M|

dcos@Z2JX+12JT+1 2

321 (my +mr)

spins

where J, and Jr are the total angular momenta of the dark matter particle and the target
nucleus, respectively. The term |M|? represents the square of the scattering amplitude, averaged
over initial and summed over final spin states.

The DM-nucleus scattering probability can be calculated using the total angular momentum
operator J and the magnetic operator M. With the Hamiltonian H for the allowed interaction as
shown in Eq. A.46 and the operators listed in Table A.1, the scattering probability is given by the
Fermi’s Golden Rule (FGR) as:

1 1 )
T = M M;
(v,q) 2JX—|_12JT+1M§M |(Jr M| H|Jr M;)|
iy VL f

1 1
S 2J,+12Jp+1

[(IrlIHN ) (A7)

This expression allows us to determine the transition probabilities between different nuclear
states caused by dark matter scattering, as discussed in Ref. [5]. The final transition probability
due to the electro-weak operators in Table A.2, specifically for i =7 — M®"” and i =8 — AY/| is
given by:

8
4m Tz’ 2 2 7’
T(v,q) = i1 Z Z ZRZ. (v5, ¢ )W, (q) (A.72)
z=N z'=N i=1
The spin-independent nuclear response function, which depends on the charge distribution for
the nuclear matrix element W, | is given by:

(1 1My ()] i) ox / 1 o) 41(a) Yirr () (A.73)

Where p(7) is the charge density distribution of the nucleus and the spherical function are
shown below the Tab.A.2, and Y;j/(€2,) is the spherical harmonic, describing the angular de-
pendence. Under the Long-Wavelength limit for low momentum transfer case, the nuclear re-
sponse will be dominated by the total charge distribution inside the nucleus(number of protons Z)
(J [|My(q)|| Ji) < Z?, and the charge density directly determines the response.



64 Appendix

(1 1My ()] i) ox / aro(7) (A.74)

To calculate the total ground state energy for a specific nucleus, we need to use the nuclear
pairing model, a more complex nuclear Hamiltonian model [10]. The total progress to calculate the
DM-Nuclei scattering in our project has been shown in the Fig.A.2 below.

 Shell-model code | ( Monte Carlo Dark matter scattering
Nuclear Hamiltonian matrix Nuclear response
elements functions Wy
Draw random matrix ‘
[ Shell model 1 } [ Shell model 2 elements
Diff. ;ro/s; section DM halo model
o/dE, :
@ @ Gaussian ! )
Configuration-interaction ensemble mafrix ¢
calculation clements Diff. event rate
dN/dE; (Fig. 2)
U U s
Reduced one-body density Integrated event rate dIN/dt
matrices p{;l (a,b) 3
90% CL EFT couplings (Fig. 3)

Figure A.2: A schematic illustrating the general procedure for calculating upper limits on dark
matter-nucleon effective field theory coupling coefficients, along with the propagation of uncertain-
ties from configuration-interaction calculations for a specific isotope [9, 10]. The Shell-model code
will be used to analyse the spectrum of the nucleons, with generated matrix elements contributing
to the nuclear response function. The derivation and calculation of event rates will give out the
EFT couplings.

The challenge of analyzing nuclear responses to external probes, such as dark matter scatter-
ing, lies in the complexity of many-body systems, where transition probabilities between valence
nucleon configurations are encoded in reduced matrix elements and the density matrix. These sys-
tems present significant numerical challenges when handled by classical computational methods.
The sheer scale of data and computational power required to model large atomic nuclei often be-
comes prohibitively expensive. This has motivated researchers to explore alternative, more efficient
computational methods, including the application of quantum information processing [8].

Quantum computing offers a potential solution by leveraging its inherent parallelism to simulate
and analyze complex nuclear interactions more efficiently than classical methods [10]. By employing
advanced quantum algorithms, such as the Variational Quantum Eigensolver (VQE) [34], we can
bypass manually fitting wave functions or performing resource-intensive calculations. Instead, we
use the quantum platform to iteratively optimize the parameters of a trial wave function until
convergence, enabling us to simulate the ground state energy of large nucleon systems such as
Fluorine, Helium, Xenon, and Argon [73]. This approach addresses the scalability challenges of
classical methods and enhances our ability to model increasingly complex nuclear configurations.

With these motivations in mind, we now apply these ideas within the EF'T framework for a more
realistic calculation of dark matter-nuclei interactions. In the next section, we explore a practical
application of EFT to model and calculate scattering processes.

A.1.3 EFT-Based Realistic Calculations for Dark Matter-Nucleon Scattering

In this section, we aim to provide a simple case for calculating the nuclear response to dark matter
interactions within the framework of EFT. The wave function v (r) of a nucleus in its ground state
can be modelled as:
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(r) = (i)B/ Y exp <_O“"2> (A.75)

For simplicity, we will use the simplest scalar interaction operator O; = 1,1y as the total
Hamiltonian for this calculation, where 1 corresponds to a spin-independent scalar interaction.
The total Hamiltonian is then given by:

H=cEO? (A.76)

Since we are focusing on the simplest scenario, the coefficient c{ is set to 1, as there is only
one possible interaction. For this example, we consider **Deuterium™* (the hydrogen-1 isotope)
as the target nucleus, which consists of one proton and one neutron. The WIMP-nucleus response
function for this interaction is:

RY™ = |(f |01 ) (A.77)

Since we are dealing with spin-independent interactions, we use the Wigner-Eckart Theorem
to express the matrix element of the nuclear response operator X jr = My (q) = jr(qr)Yi (),
where jr, is the spherical Bessel function and Yjs is the spherical harmonic. The matrix element
is given by:

(f1 X r|iy = (fl|Z7]li) x (Clebsch-Gordan coefficients) (A.78)

The nuclear target response function Wx (¢) can then be written as:

Wx(g) = > (Us [ M@ %0)* =D (Fllizlax)Yoar (1) (@ i (q) Yo ()] £) Fg)  (A.79)
JT J, T

For a nucleus like protium (a single proton), the charge density p is simply the charge distribu-
tion of the proton itself. This simplifies the form factor F'(q) for low momentum transfer, as the
internal structure of the nucleus is not probed.

Under the long-wavelength approximation for low momentum transfer g, the spherical Bessel
function can be expanded in a series:

Jjr(qz) ~ ( (g)” for small ¢ (A.80)

2L + 1)!!

Where the !! denotes the double factorial. For L = 0 case, the spherical Bessel function becomes:

sin(gx)
qx
For small gz (i.e., in the long-wavelength approximation, where the momentum transfer is small
compared to the size of the nucleus), this can be approximated as:

Jo(qzr) =~ 1 — (qg)2 +0 ((q:v)4) (A.82)

In the limit of small g, the higher-order terms can be neglected, and we obtain (¢z) ~ 1, which
means the nucleus behaves like a point charge and its internal structure is not resolved. Since the
monopole operator My (q) corresponds to the spherical harmonic Yy0(€2) (which is just a constant)
and the spherical Bessel function jo(gx) =~ 1, the whole operator Myy(q) simplifies to approximately
1 for small q.

Jo(gr) = (A.81)
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In general, the form factor of target nucleus can be written as F(q) = % [ p(Z)e"7%d3z, If we
assume the charge distribution of the nucleus is spherically symmetric and can be approximated
by a Gaussian distribution:

(r) = _Z o (A.83)
T nrey T\ 2R '
2 [ Z r? \ sin(gr)
Py 2T _ ) sinler) A4
W=7 /0 (2nR2)2 exp( 2R2> i (4.8

This integral can be computed analytically. The standard result for an integral of this form is:

o0 2\ o 3 2 p2
9 ~r® \sin(gr) . V7R ¢°R
/0 T exp < 2R2> o dr = 5 CXD G (A.85)

In the long-wavelength approximation, F(q) ~ 1 — qzé# /S exp (—@). The final form of the

target nucleus response will be

2 ¢*Rj
W) = P = exp (-7 (A56)

where Ry is the Deuteron radius. The root-mean-square (RMS) charge radius of deuterium is
approximately Ry ~ 2.13fm, which includes contributions from both the proton and the neutron.
The expression for differential cross-section with mass my ~ 1.8756GeV /c? will be

do my

= = 27”}23(61)|F(Q)!2

i 2mT
42

T(v,q) (A.87)

The momentum transfer ¢ is related to the recoil energy FE, by the expression ¢ = /2mqFE,,
substituting everything into the expression for the differential cross-section, we have:

do . my q2R§
JE. = omo? exp (— 3 (A.88)

To calculate the total cross-section o, we integrate over the recoil energy E, :

Emax
T do
= —dE A .89
o A dET r ( )
where E]"®* is the maximum possible recoil energy, which can be approximated as:
241202
Ere = A.90
o = 2 (4.90)

where p = nzﬁ"ﬁd is the reduced mass of the dark matter particle (m,) and the deuteron (mg).

. . o dO' .
Substituting the expression for a6y
Emax 2
T mq deEer
= e ——F2 ) dE A91
7 /0 omp? P ( 3 " (A4.91)
2
This integral can be computed analytically. Let’s denote the constant factor A = %. Thus,

the integral becomes:

o=5-3 | exp (—AE,) dE, (A.92)
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The integral of exp(—Ax) is straight forward to get:

1 — exp (—AEMX)

E‘;"l’)aX
/ exp (—AE,)dE, = (A.93)
0 A
Thus, the total cross-section is:
mq
0= (1 —exp (—AE™™)) (A.94)
Substitute A = % and E'** | we can get the total cross-section for the dark matter-

deuteron interaction.

5 <1 ~ exp <_4"2”2R3>> (A.95)

7= 47rv2R?l 3my

So, the scattering transition probability based on Eq. A.56 with the recoil energy E, can be
simplified as:

47

R} (v, ¢* )W, . (q) (A.96)

Given that we are working with spin-independent interactions, and using the Wigner-Eckart
Theorem to extract the matrix element, the probability becomes:

47
257 +1

T(Uv q) =

2 P2
1(F 0118} 2 exp (—q fd) (A.97)

Substituting for the spin-independent operator O; = 1,1y, we have:

4 2mqFy)? R?
T(0.0) = o 1y It )P ep (- 24 ) (A.98)

Here, R; is the deuteron radius, and my is the deuteron mass. The event rate R for dark
matter detection can now be expressed based on the local dark matter density p,, the differential

cross-section ddTUr’ and the dark matter velocity distribution f(v):
px VUmax do- R
R=—/ d A.99
o I 0L (499

Where:

e p, is the local dark matter density (approximately 0.3 GeV /cm?),

e m, is the mass of the dark matter particle,

e f(v) is the velocity distribution of dark matter particles in the galactic halo.

This final expression allows us to compute the expected event rate based on the velocity and
energy distribution of the dark matter particles.
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A.2 Experimental Methods for Detecting Dark Matter

Nowadays, several leading experiments use direct detection for particle DM and visible matters
like XENONNT and PandaX-4T [6, 7]. In order to detect dark matter interactions, experimental
setups must be designed to maximize sensitivity to rare scattering events. Some apparatus have
other aiming also could be used to detect the WIMP candidates like CUORE [74], using the TeOq
crystals as the target, element like Xenon, which has a large number of nucleons (more than
hundreds) will be modelled through nuclear configuration-interactions.

Like XENONnT, PandaX-4T’s primary goal is to detect WIMPs [6, 7]. It is built underground
at 2400m under a mountain in China, and a water shell surrounds the two-phase Xenon(Gas, Fulid)
in a Time Projection Chamber(TPC) with self-shielding features to reduce radiation noise, so most
of the cosmic rays and background noise can be reduced due to the shell absorption [75]. The
Photomultiplier Tubes will be fixed at the top and bottom of the detector, which will be used to
detect the flash caused by the event so we can recover the information of the captured event. These
experiments are typically located deep underground to reduce interference from cosmic rays and
other background radiation.

The detection mechanism can be decomposed into two steps: for primary scintillation, when a
WIMP collides with a xenon nucleus in the detector, it can transfer energy to the nucleus, causing
the nucleus to recoil [7]. It excites xenon atoms, causing them to emit ultraviolet scintillation
light (S1). For secondary scintillation, the recoiling nucleus also ionizes surrounding xenon atoms.
An electric field in the chamber drifts these ionization electrons to the gas phase above the liquid
xenon, producing secondary scintillation light (S2) as they accelerate through the gas.

The signal of S1 and S2 allows researchers to recover the event position in 3D and its time
and energy by analysing the nuclear response. So, it is essential to know how to build a nuclear
response theory to use it effectively. In summary, the workflow of the detection experiment can be
concluded as

1. Detector Setup and Calibration: This step involves setting up the PandaX-4T detec-
tor, including installing the liquid xenon target and calibrating the detector systems (like
photomultiplier tubes, electric fields, etc.) to ensure accurate data collection.

2. Data Collection (Cryogenic Conditions): The detector operates at cryogenic temper-
atures to keep xenon in a liquid state. Data is collected during this phase by detecting
scintillation (S1) and ionization (S2) signals generated by interactions within the detector.

3. Data Processing (Signal Filtering and Calibration): Raw data collected from the
detector is processed to filter out noise and calibrate the signals, ensuring that only valid
interaction events are retained for further analysis.

4. Event Reconstruction (S1 and S2 Signal Identification): This step involves recon-
structing events from the processed signals and identifying and classifying S1 and S2 signals
to determine the energy and position of potential dark matter interactions.

5. Data Analysis (Event Selection and Background Reduction): The reconstructed
events are analysed to select events consistent with expected dark matter signatures while
reducing backgrounds from known radioactive sources or other noise.

6. Results Interpretation (Dark Matter Limits and Signal Search): The analyzed data
is interpreted to search for evidence of dark matter particles. This involves setting limits on
the dark matter-nucleon cross-section or identifying potential signals.
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A.3 Noisy Channel

To describe the qubit noise via the quantum channel, we will first define some operators, such as
the Karus operator [76, 77].

Kraus operators denoted as {K;}, are used to represent the evolution of open quantum systems.
The completeness relation defines them:

Y KK =1 (A.100)

where K j is the adjoint of K, and I is the identity operator. The evolution of a quantum state
p is given by:

p—p = ZKZpKI (A.101)

2

Measurements in quantum mechanics can also be represented using Kraus operators. For a
projective measurement described by projectors { Py}, the Kraus operators are simply Kj = Pj.
Upon the quantum measurement, if we ignore the measurement error then the state of the system
collapses according to:

PrpPy
R A.102
T (Pop) (A-102)

With the definition above, any quantum channel £ can be represented as a sum of unitary
operations:

E(p) = pilipU] (A.103)

where {U;} are unitary operators and {p;} are probabilities. This form is sometimes called a
random unitary channel, which is a special case where each Kraus operator can be associated with
a unitary transformation and a probability.

Here in Fig.A.3, the phase flip and the depolarizing channel for the noisy quantum channel are
shown below.
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Figure A.3: Tllustration of the effects of noise channels on a quantum state represented on the
Bloch sphere [77]. The initial state is represented by the left Bloch sphere in both subfigures, while
the right Bloch spheres show the effects of different noise channels: (a) The Phase-Flip Channel:
This channel flips the phase of the quantum state, leading to a distortion along the z-axis. (b)
The Depolarizing Channel: This channel randomizes the state, causing the Bloch sphere to shrink
uniformly towards the centre.

Notably, there is a difference between the quantum operation and the quantum channel, a key
to identifying the quantum channel is trace-preserving of the density matrix, a subset from the
quantum operation, which holds completely positive (CP) and non-trace-increasing maps on the
space of density matrices [78]. Since the trace operation is linear, and using the condition for trace
preservation ), K ;r K; = I, we substitute to get:

Tr(E(p)) = Tr (;;Z K] K) = Tr(pl) = Tr(p) (A.104)

We summarized the different types of channels below:

- Depolarizing Channel: This channel randomly flips the state of a qubit with a certain
probability, effectively mixing the quantum state with the maximally mixed state. It represents a
uniform distribution of errors affecting all qubit states equally.

- Dephasing Channel: This channel causes phase errors, leading to the loss of coherence
between the components of a superposition state. Dephasing errors are particularly detrimental to
algorithms relying on quantum interference.

- Amplitude Damping Channel: This channel models energy dissipation processes, where
qubits relax from an excited state to the ground state, resulting in the loss of quantum information.

A.4 Zero Noise Extrapolation

The core idea of ZNE is to intentionally increase the noise level in a quantum circuit and then
extrapolate back to a ”zero noise” level to estimate the error-free outcome. This process involves
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running the quantum circuit multiple times with varying levels of artificially introduced noise [53,
79]. The main component for this strategy is unitary folding, both for circuit and operation since
for any ideal quantum transformation U have the property UTU = I.

U—U (UT U)n (A.105)

For a rotation gate R(6;), the noise effect can be regarded as an extra term on the parameter

0% = 0; + ¢, here is an idea to reduce that term that is scaling the noise term [79].

9,

parameter noise scaling 0,
J J

+6; (A.106)

0 =0; + V¢ (A.107)

On the right of Fig.A.4, a graph plots the expectation value of interest against the noise ampli-
fication/stretch factor. The blue dots represent measured expectation values E (c1\) and E (ca)\)
at different stretch factors ¢; and cs. The red dashed line is an extrapolation towards zero noise
(stretch factor of 0 ), predicting the noise-free expectation value E*. The shaded regions indicate
uncertainty in the measurements and extrapolation. This visual demonstrates how varying the
noise level and extrapolating to zero allows for estimating an error-free result. We can gather
a range of noisy outputs by systematically varying the noise levels (using different values of \).
These outputs are then used to extrapolate back to the result in the absence of noise. This process
helps reduce the effect of noise without the need for additional qubits for error correction, which
is particularly beneficial for near-term quantum devices that are limited in both qubit count and
coherence time. We will perform an extrapolation to mitigate the noise and estimate the ideal
expectation value E* as shown in Fig.A 4.

E(\) = E* +a\+0(X) A0
E (1)) — a1 E (2
E* - co (cl ) c1 (02 ) (A].Og)
Cy) —C
E(c,) [Femmmmmmmmmmm— >
i '
e E E(c,d) e ;fl
il N g Er
|| || - w
(2 C

2
Noise amplification/Stretch factor

Figure A.4: The figure illustrates the concept of ZNE for quantum error mitigation. On the left,
two quantum circuits are shown. In the left subfigure, the top circuit represents the original circuit
with a unitary operation U. The bottom circuit demonstrates a noise amplification technique by
appending an identity operation through a combination of U and its inverse UT, followed by U
again, effectively tripling the gate count to stretch the noise [12].
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For U=CNOT operation, ideally when noiseless the form of UT is

1000
0100

P - 7

Ul=U=|, 4 ¢ 1| UUU=U (A.110)
0010

In our project, we assume all of the single-qubit operations are nearly perfect, and the depolar-
isation error will dominate on the two-qubit gates of CNOT; to investigate the features of CNOT
noise extrapolation, such as linear or polynomial fitting, we will insert multiple extra two more
CNOT operations to utilise ZNE analysis by extending the fitting curve back to where the noise
level tends to zero E* = limy_,o E()).

A.5 Probabilistic Error Cancellation

Probabilistic error cancellation (PEC) is a quantum error mitigation technique designed to reduce
errors in quantum computations without requiring a full error-correcting code [80]. In PEC, the
error-prone quantum operations are effectively ”inverted” using a probabilistic mixture of noisy
operations, allowing one to estimate the ideal, error-free result. This process works by statistically
cancelling out errors: the noise affecting the quantum gates is carefully modelled, and a series of
correction operations are applied, weighted by probabilities that account for the error model. While
PEC does not eliminate errors, it significantly reduces them, allowing for more accurate quantum
computations at the cost of increased sampling overhead, as the probabilistic nature of the process
requires a larger number of measurements to achieve reliable results. PEC is particularly valuable
on near-term quantum devices, where error rates are high and full quantum error correction is not
yet feasible.

In PEC, the ideal target circuit’s effect can be represented as a linear combination of imple-
mentable noisy circuits:

Oideal = Z nionoisy )i (Alll)
7

The ideal circuit’s outcome is thus reproduced by sampling from an ensemble of noisy cir-
cuits defined by this linear combination. When the coefficients 7; form a probability distribution,
they directly serve as ensemble probabilities. However, if some 7; are negative, they constitute a
quasiprobability distribution. This distribution induces a sampling overhead related to its negativ-
ity, characterized by

y= lml=1 (A.112)

Oideal = <Z ﬁi) Ordeal + > miAi (A.113)
i i
To cancel noise, the coefficients 7; are chosen such that
i i
Here is a PEC workflow using Mitiq, which is also compatible with QISKIT [12]. The process

begins with a quantum program defined by the user, which is processed by Mitiq’s PEC module.
Mitiq generates a set of probabilistically sampled circuits, each representing a noisy version of the
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ideal target circuit. These noisy circuits are executed on quantum hardware, producing measure-
ment results that are then returned to Mitiq. Finally, Mitiq aggregates these measurement results
to infer an error-mitigated expectation value for the quantum program, minimizing the impact of
noise.

User mitiq.pec Hardware
Quantum Probabilistically
program sampled circuits
In v
1. Generate Execute on
circuits ; backend
Error- Measurement
mitigated |, results from||&&
expectation | noisy
value circuits g

2. Inference

Figure A.5: The user defines a quantum program, which Mitiq translates into a collection of noisy
circuits sampled based on a quasi-probability distribution. These circuits, designed to statistically
counteract noise, are run on the quantum hardware, and the results are gathered back into Mitiq.
By averaging these noisy results according to the quasi-probability weights, Mitiq reconstructs an
expectation value close to what the ideal, noise-free circuit would produce. This approach leverages
classical post-processing to approximate the ideal outcome.

A.6 Quantum Error Suppression

A.6.1 Dynamical Decoupling

Dynamical decoupling (DD) is a quantum error mitigation technique designed to reduce decoher-
ence in quantum systems by periodically applying control pulses [81]. In NISQ devices, where
decoherence and other noise sources limit qubit coherence times, DD is a valuable strategy for
preserving quantum information during computation. The core idea of DD is to apply sequences of
gate operations that counteract certain types of noise, effectively ”refocusing” the quantum state
and mitigating errors.

In DD, a sequence of unitary operations {Uy, U, ..., U,} is applied to an idle qubit during idle
intervals of the computation, typically satisfying the condition:

UnUp_1-+-Up =1 (A.115)

where [ is the identity operation. This ensures that the sequence has no net effect on the qubit’s
state in the absence of noise. However, in the presence of noise, the sequence cancels out certain
noise terms, effectively reducing decoherence.

One common DD sequence is the XX sequence, in which X gates (Pauli X operators) are
applied at regular intervals.
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Figure A.6: Example quantum circuit and its execution timelines with and without dynamical
decoupling using the XX sequence. The circuit on the left shows a sample setup with single and
two-qubit gates: an X gate on qubit gy and two ECR gates acting on qubit pairs (go, ¢1) and (q1, ¢2).
The ”Main circuit timeline” in the top right shows the timing and order of gate execution without
any DD pulses. The "Main circuit with DD sequence (XX) timeline” below it shows the same
circuit, but with additional X gates (representing the XX dynamical decoupling sequence) inserted
at regular intervals. These added X gates help mitigate decoherence by effectively refocusing
certain types of noise, particularly for idle qubits, during the execution of other gates. Ref. [12]

However, if the operations in the circuit are densely packed, keeping the qubits occupied most of
the time and adding dynamic decoupling pulses may not enhance performance. It could potentially
degrade performance due to imperfections in the pulses themselves.

A.6.2 Pauli Gate Twirling

There is a solution for the randomized noise channel on quantum devices called Pauli Twirling [82].
Unlike Dynamical Decoupling, this strategy will insert extra gates and cause higher time costs on
the QPU, so in the application, it will be deployed only on the noisy gate.
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Figure A.7: Illustration of Pauli twirling applied to a noisy quantum operation. In the first row,
Pauli twirling transforms a noisy channel A into an effective depolarized channel Ap by randomly
applying a Pauli gate P before and after the channel. In the second row, a unitary operation U
is sandwiched by Pauli gates P and P’, resulting in a twirled unitary U that behaves equivalently
in the twirling ensemble. The third row shows an effective noise model for the noisy unitary
U, where the Pauli twirling operation creates a composite noise channel Ap combined with the
unitary U, achieving a depolarized effect across the sequence. This sequence illustrates how Pauli
twirling randomizes the errors in a quantum operation, making the resulting noise more uniform
and transforming arbitrary noise into a form that resembles depolarizing noise, simplifying error
characterization and mitigation in quantum circuits. Ref.[12]

In near-term devices, most of the errors come from multi-qubit gates like CNOT and ECR, so
most of the time, this strategy is designed for two-qubit gates. The Fig.A.8 shows the process of
applying gate twirling sequence on them.

Figure A.8: Tllustration of Pauli twirling for two-qubit gates using Pauli gates and the ECR gate.
The top row demonstrates the Pauli twirling of a CNOT gate by applying different combinations of
Pauli gates (X, Y, Z) before and after the gate, effectively altering the noise characteristics. Each
configuration of Pauli gates produces an equivalent operation that behaves uniformly under noise
averaging, achieving a depolarizing effect.

The bottom row shows the Pauli twirling applied to the ECR gate. Similar to the CNOT
gate, various Pauli gates (X, Y, Z) are applied before and after the ECR gate, creating different
but equivalent configurations. This procedure ensures that the noise introduced by the ECR gate
becomes isotropic, transforming the noise into a depolarizing form and simplifying error analysis
and correction.
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A.7 Quantum Error Correction

In this section, we will review the single error correction, which means the error could be X,Y, Z.
But only the method to correct X, Z is needed due to the Y could be represented by the combination
of the other two X, Z [83, 84].

An X error, or bit-flip error, occurs when a qubit’s state is flipped from |0) to |1) or from |1)
to |0). Mathematically, this is represented by the application of the Pauli-X operator:

0 1
=[]
Here is the method to correct the single X errors.

1. Encoding: The logical qubit state |¢)) = a|0) + b|1) is encoded into a three-qubit state:

0) = [000), |1z) = [111)

The general encoded state is:

[¥r) = a]000) + b|111)

2. Error Detection: After encoding, each qubit can undergo a bit-flip error, and the state
might become, for example, a|010) + b|101) if the second qubit is flipped. To detect an error,
we measure two syndromes:

e Measure Z1Z> and ZyZ3 operators (parity checks between qubits 1 and 2, and qubits 2
and 3).

e Each parity check reveals whether there is an error between the corresponding pair of
qubits.

3. Error Correction: Based on the syndrome outcomes:

e If both measurements return 0, no error is detected.

o If 717, = —1 and ZyZ3 = +1, the first qubit is likely in error, apply an X gate to
correct it.

e Similarly, if 7175 = +1 and ZyZ3 = —1, the third qubit is likely in error, apply an X
gate to correct it.

e If both syndromes return —1, correct the middle qubit.

A Z error, or phase-flip error, changes the relative phase of the qubit’s superposition state. The
phase flip occurs between the |0) and |1) states and is represented by the Pauli-Z operator:

1 0
7 —
To correct a Z error, we use a similar method to the three-qubit repetition code but adapted
for phase-flip errors:
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1. Encoding: The logical qubit state |¢)) = a|0) + b|1) is encoded into a three-qubit state in
the phase basis. To detect phase errors, the encoded states are:

[+o) =[+++) |-0)=|-—)

where |—|—> = % and |_> — w

The general encoded state is:

[Yr) = al+4++) + b ———)

2. Error Detection: After encoding, each qubit can undergo a phase-flip error, and the state
might become, for example, a| + —+) + b| — +—) if the second qubit is flipped. To detect an
error, we measure two syndromes:

e Measure XX, and X9 X3 operators (parity checks between the phase states of qubits 1
and 2, and qubits 2 and 3).

e Each parity check reveals whether there is a phase error between the corresponding pair
of qubits.

3. Error Correction: Based on the syndrome outcomes:

e If both measurements return 0, no error is detected.

o If X1 X9 = —1and X9X3 = +1, the first qubit is likely in error, apply a Z gate to correct
it.

e Similarly, if X1 X9 = 41 and X2 X3 = —1, the third qubit is likely in error, apply a Z
gate to correct it.

e If both syndromes return —1, correct the middle qubit with a Z gate.

The method given above can detect and correct all of the single qubit errors. However, in
real quantum computing, multiple errors could also occur, and strategies like Shor code could be
deployed to solve them [83, 85, 86].

A.8 DMatrix Product State

Matrix Product States (MPS) are a versatile and highly efficient framework for representing quan-
tum states in many-body systems, particularly in one-dimensional (1D) quantum lattices [12, 63].
The MPS formalism leverages the intrinsic structure of entanglement in quantum systems, allow-
ing for a compact representation of quantum states that would otherwise require an exponentially
large number of parameters. By expressing the quantum state as a product of matrices associated
with each site in the system, MPS efficiently encode correlations and entanglement, making them
a powerful tool for both theoretical studies and numerical simulations [87, 88]. The many-body
quantum state |¥) can be decomposed in to the square matrices product form with the given basis
with number of eigen state s(for qubit s up to 2).

) =>"Tr [A?”Ag”) AR 518y s (A.116)

The structure can be demonstrated as the Fig.A.9
Like for an N-qubit entangled state, which is called GHZ state.
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Figure A.9: On the left, the entire quantum state is represented as a single tensor (grey block),
while on the right, the same state is decomposed into a series of interconnected smaller tensors
(blue circles). Each circle represents a local tensor, and the lines connecting them indicate the
entanglement or correlations between different parts of the quantum system. The vertical lines
correspond to physical indices (local states), and the horizontal lines represent virtual indices
(bond dimensions) that capture the entanglement between subsystems. This decomposition allows
for efficient representation and computation of quantum states, particularly in one-dimensional
systems with limited entanglement.

®N ®N
(GHZ) = W (A.117)
It can be decomposed by the square matrices A0
40 _ [ (1] 8 ] A0 — [ 8 (1) } (A.118)

So, for N = 3 case, the total form can be expressed by the tensor product of three body, and
the coefficients stored in our computer algorithms could be reduced from 2 - 23 = 16 — 4:

(A.119)

AAA:[|000> 0 ]

0 [111)

Note that this method will be quicker and have less memory cost than the density matrix and
state vector simulation method, so it is the most often used method in our program.

A.9 Previous Work about the Lipkin Model

Quantum computing is needed for the Lipkin-Meshkov-Glick model (LMG model, also known as
the Lipkin model) and other similar many-body systems due to the exponential growth in the com-
plexity of classical calculations as the system size increases. Classical computation methods face
significant challenges in handling the large Hilbert spaces and intricate interactions in heavy and
complex nuclei. Quantum computers, with their ability to efficiently simulate quantum systems,
offer a promising alternative. They can potentially perform these calculations with higher accuracy
and less computational cost, enabling more precise modelling of nuclear structures. This is particu-
larly crucial for applications like dark matter detection, where accurate modelling of nuclear targets
is essential for interpreting experimental results and understanding the fundamental interactions
between dark matter and baryonic matter [89].

The Lipkin model describes a system comprising N fermions [90, 91]. The Lipkin model is an
essential testbed for studying many-body interactions in nuclear physics. Classical computation
methods struggle with the exponential growth of the Hilbert space as the number of particles
increases, leading to significant computational challenges, especially for heavy, complex nuclei. The
model assumes N particles are distributed over N sites, with each particle being either in an 'up’
or ’down’ state, simplifying the complex interactions into single-particle energies and two-particle
interactions.
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Figure A.10: The first term of the Lipkin Hamiltonian, —§ > ( iy Qit — L&i L)’ accounts for the

single-particle energies. The second term, —%V Z” (&ITd;de 1ai) +a; ia} lddeiT>’ represents the

two-particle interactions [89].

For the Fig A.10, the parameter € denotes the energy difference between the single-particle
states. The operators &;{T and d;.u are creation operators for particles in the spin-up and spin-down
states, respectively, and a;+ and a; are the corresponding annihilation operators. The parameter V'
is the interaction strength. This term describes processes where two particles are either moved to a
higher energy state or a lower one. These fermions are apportioned among two energy levels, each
level exhibiting an N-fold degeneracy with an energy separation denoted by €. Here, the fermionic
creation and annihilation operators for a fermion in state p at level o, where o can be either 41
or —1, are defined as cj,-p and c,p, respectively. Reviewing the previous work based on the nuclear
physics, the Hamiltonian of the system is then expressed as:

-1
256 Z O'C(-I;.pco—p
(A.120)
+ V Z Cop Jp,c_gp/c_op.
7p7p
Here it is essential to introduce the quasi-spin operators to simplify the Hamiltonian form
J=2 e = ()
L (A.121)
=— Z och ¢
9 op-op
0-7p
So the Hamiltonian form could be rewritten as
- 1~
H=ely+ 5V (J3+J2) (A.122)

For the N particles case, the total quasi-spin could be written as J = Z]];V:p] (»), with the
representation of the new Hamiltonian form and to adapt the SU(2) algebra for qubits

H= ZJO +V Z( 04 @) (A.123)
p,q=1
q#p

To analyze the Hamiltonian, we need to define an appropriate basis. For the N = 3 case,
the basis states can be represented by the eigenstates of the Pauli matrices o, 0y, and o, which
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describe the spin states of the qubits. The basis states for three qubits can be written as tensor
products of the individual qubit states from Eq 3.1, such as |000), |001), |010), etc. The Hamiltonian
in Eq.A.123 could be represented by the sum of the Pauli product form

1
H=Z(30lol+l0mol+loloos)

+-(1l®®o+0®@0®l+o@1®0;

<

(A.124)

\]

—1®0aR®oy—03R0a®1—02 1R 09)

Then we can expand the Eq 4.5 to the matrix form by the given basis, where the operator 1
will be relevant to the identity matrix.

500 vV 0 V VvV o0
0O 3 0 0 0 0 0 V
0 0 % 0 0 0 0 V
V.o 0o -2 0 0 0 0
RHS=| o o o & 1o 0 v (A.125)
V.o o 0 0 -3 0 0
Voo 0 0 0 -3 0
ovv o Vv o o0 -3

The optimal variational ansatz(trial wave function) by doing the exact diagonalization to get the
exact solution described by the parameter 6 (with the normalized relation cos()? + sin(6)? = 1)
given by

|1(6)) = cos(6)] IL4)
(A.126)

— arctan (t"\‘}%@), the quantum circuit can be shown as

With o = 2 arccos (—\/gsine), 6=—

ESE
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Figure A.11: The quantum Ansatz for Lipkin model of N = 3 case to prepare the three-qubit
VQE trial state, which prepares a three-qubit VQE trial state using rotational gates and CNOT
gates to entangle the qubits. Parameters a and [ are represented by 6, and all the qubits will
connected by the CNOT gates [90]. The mathematical definition for the gates can be found in Eq
3.7 — 3.10.

S
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Then, the ground state energy of this case could be estimated using the VQE algorithm via
quantum estimator, which involves iterating the parameters to the optimal point.
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